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ON STOCHASTIC CONSERVATION LAWS 
AND MALLIAVIN CALCULUS 

K. H. KARLSEN AND E. B. STORR0STEN 


Abstract. For stochastic conservation laws driven by a semilinear noise term, 
we propose a generalization of the Kruzkov entropy condition by allowing the 
Kruzkov constants to be Malliavin differentiable random variables. Existence 
and uniqueness results are provided. Our approach sheds some new light on the 
stochastic entropy conditions put forth by Feng and Nualart and Bauzet, 
Vallet, and Wittbold [3, and in our view simplifies some of the proofs. 
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1. Introduction 

Stochastic partial differential equations (stochastic PDEs) arise in many fields, 
such as biology, physics, engineering, and economics, in which random phenomena 
play a crucial role. Complex systems always contain some element of uncertainty. 
Uncertainty may arise in the system parameters, initial and boundary conditions, 
and external forcing processes. Moreover, in many situations there is incomplete or 
partial understanding of the governing physical laws, and many models are therefore 
best formulated using stochastic PDEs. 

Recently there has been an interest in studying the effect of stochastic forcing on 
nonlinear conservation laws [31H m m HB Uni HZl 133 Ei] , with particular emphasis 
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on existence and uniqueness questions (well-posedness). Deterministic conservation 
laws possess discontinuous (shock) solutions, and a weak formulation coupled with 
an appropriate entropy condition is required to ensure the well-posedness [23l [2^ . 
The question of well-posedness gets somewhat more difficult by adding a stochastic 
source term, due to the interaction between noise and nonlinearity. 

In a different direction, we also mention the recent works [5^ by Lions, 
Perthame, and Souganidis on conservation laws with (rough) stochastic fluxes. 

To be more precise, we are interested in stochastic conservation laws driven by 
Gaussian noise of the following form: 

{ du{t,x) +'S/ ■ f{u{t,x))dt = / a{x,u{t,x),z)W{dt,dz), {t,x)^IiT, 

Jz 

u{0,x) = u^{x), X € R'^, 


where nr = (0,T) x T > 0 is some fixed final time, = u^{x,u!) is a given 
^Q-measurable random function, and the unknown u = u{t,x,uj) is a random 
(scalar) function. The flux function 

{Af) / : R —>■ R'^ is assumed to be and globally Lipschitz. 

Concerning the source term, we let be a cr-finite separable measure 

space and VP be a space-time Gaussian white noise martingale random measure 
with respect to a filtration {=^t}o<t<T ES]- Its covariance measure is given by 
dt 0 d/r, where dt denotes Lebesgue measure on [0, T], that is, for A,B G 


E [W{t, A)W{t, B)] = tn{A n B). 

The noise coefficient cr:R‘^xRxZ—J-Risa measurable function satisfying 


(X) 


3M e L'^{Z) s.t. 


\a(x,u, z) — a(x,v, z)\ < \u — v\M{z), 
\a{x,u,z)\ < M{z){l + \u\), 


for all {x, z) G X Z. Note that W induces a cylindrical Wiener process (with 
identity covariance operator) on L‘^{Z) = L'^{Z,^,fi) which we also denote by 
W [30l § 7.1.2]. For a nonnegative (j) G C'(R‘^) fl L^(R'^), let L^(R'^,0) denote the 
0-weighted L^-space, cf. Section^ Define G{u) : L\Z) —>• L^(R‘^,0) by 


(1.2) G{u)h{x) = [ a{x,u{x), z)h{z) dij,{z). 

Jz 

The collection of all Hilbert-Schmidt operators from LJ{Z) into L^(R‘^, (p) is denoted 
by .if 2 (L^(Z); L^(R^, ^)). Due to ( [.AgD , G is a Lipschitz map from L^(R^,^) into 
.5f’2(T2(0); L2(R^ </,)), i.e., 

||G(u) — G(u)||_^^(^2(2).i2(Rd^0)) < ||Ik7|lL2(2) ||u — ■ 

In the above setting, may be written as 

du -I- V • f{u)dt = G{u)dW(t), 


where the right-hand side is interpreted with respect to the cylindrical Wiener 
process M- In what follows, we will in general stick to the a notation. We refer 
to [13] for a comparison of the different stochastic integrals. 

The Malliavin calculus used later is developed with respect to the isonormal 
Gaussian process W : H ^ L'^ (ft) defined by 

h{s,z)W{ds,dz) = f h{s)dW{s), 

Jo 

where H denotes the space L^([0, T] x Z,^^ ([0, T]) ® dfi). Concerning the 

notation and basic theory of Malliavin calculus we refer to m- 
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When the noise term in dm is additive {a is independent of u), Kim m used 
Kruzkov’s entropy condition and proved the well-posedness of entropy solutions, 
see also Vallet and Wittbold [36]. When the noise term is additive, a change of 
variable turns (HU into a conservation law with random flux function and well- 
known “deterministic” techniques apply. 

When the noise is multiplicative (i.e., tr depends on u), a simple adaptation 
of Kruzkov’s techniques fails to capture a specific “noise-noise” interaction term 
correlating two entropy solutions, and as a consequence they do not lead to the L^- 
contraction principle. This issue was resolved by Feng and Nualart introducing 
an additional condition capturing the missing noise-noise interaction. These authors 
employ the Kruzkov entropy condition (on ltd form) 

dt \u-c\+ da; [sign {u - c) (/(u) - /(c))] 

^ ^ < ^sign' (m — c) (t(u)^-I- sign (it — c) cr(u) (3(W, Vc € R, 

which is understood in the distributional sense (and via an approximation of sign (•)). 
Here, for the sake of simplicity, we take W to be an ordinary Brownian motion {Z is 
a point) and d = 1. The above family of inequalities, indexed over the “Kruzkov” 
constants c, is in augmented with an additional condition related to certain 
substitution formulas [571 § 3.2.4], allowing the authors to recover the above men¬ 
tioned interaction term and thus provide, for the first time, a general uniqueness 
result for stochastic conservation laws. 

The additional condition proposed in HU is rather technical and difficult to 
comprehend at first glance. Furthermore, the existence proof (passing to the limit in 
a sequence vanishing viscosity approximations) becomes increasingly difficult, with 
several added arguments revolving around fractional Sobolev spaces, estimates of 
the moments of increments, modulus of continuity of ltd processes, and the Garcia- 
Rodemich-Rumsey lemma. 

Recently, Bauzet, Vallet, and Wittbold [3] provided a framework that uses the 
Kruzkov entropy inequalities HU but bypasses the Feng-Nualart condition. Rather 
than comparing two entropy solutions directly, their uniqueness result compares 
the entropy solution against the vanishing viscosity solution, which is generated 
as the weak limit (as captured by the Young measure) of a sequence of solutions 
to stochastic parabolic equations with vanishing viscosity parameter. Although 
with this approach the existence proof becomes simple, many technical difficulties 
are added to the uniqueness proof. At this point, let us mention that Debussche 
and Vovelle [14| have provided an alternative well-posedness theory based on a 
kinetic formulation. The kinetic formulation avoids some of the difficulties alluded 
to above, thanks to the so-called entropy defect measure. 

The purpose of our work is to propose a slight modification of the Kruzkov 
entropy condition HU that will shed some new light on HZ], and also [3]. To this 
end, we recall that the uniqueness proof for entropy solutions is based on a technique 
known as “doubling of variables”. Suppose that v is another entropy solution of 
(HU with initial condition v^. The key idea is to consider u as a function of a 
different set of variables, say v = v{s,y), and then for each fixed {s,y) G Ht, take 
c = v{s,y) in the entropy condition for u. In the case that u and v are stochastic 
fields, u(s, y) is no longer a constant, but rather a random variable. Hence it seems 
natural to utilize an entropy condition in which the Kruzkov parameters c in HU 
are random variables rather than constants. 

Let us do an informal derivation of an entropy condition based on this idea. As 
above, we let W be an ordinary Brownian motion and d = 1. For each fixed e > 0, 
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suppose is a sufficiently regular solution of the stochastic parabolic equation 


2„,e 


dtu^ + dxf{u^) = (T{jf)dtW + ed. 

where the time derivative is understood in the sense of distributions. We apply 
the anticipating Ito formula (Theorem IH.7|) to — V\, with V being an arbitrary 
Malliavin differentiable random variable. Taking expectations, we obtain 


E 


dt \u^ - y| + a,(sign {u^ - F) (/(u") - /(F))) 


E 


sign' (m® — F) a{u^)DtV 


- -E 
2 


sign' (u^ — F) cr'^iu^) 


= eE 


sign (u^ — F) 


where DtV is the Malliavin derivative of F at t. As 


eE 


sign (u^ — F) d^u’^ 


< eE 


dl\u^ 


-F| 


it follows that 


E 


dt \u^ - F| +a,(sign(u^ - F) (/(u") - /(F))) 


E 


sign' (u® — F) a{u^)DtV 


- -E 
2 


sign' {u^ — V) cr'^iu^) 


< eE 


d^x \U^ - v\ 


Suppose —>• u in a suitable sense as e / 0. Then the limit u ought to satisfy 

E 


(1.5) 


dt |u - F| + 9x(sign (u - F) (/(u) - /(F))) 

1 


E 


sign' (it — F) a{u)DtV 


- 2 ^ 


sign' (it — F) 


< 0 , 


which is the entropy condition that we propose should replace (dZl)- 

At least informally, it is easy to see why this entropy condition implies the 
contraction principle. Let u = u{t, x) and v = v{s, y) be two solutions satisfying the 
entropy condition (HU. Suppose It, V are both Malliavin differentiable and spatially 
regular. The entropy condition for u yields 


E 


dt |u - i;| + 9^,(sign (it - v) {f{u) - f{v))) 


E 


sign' (it — v) a{u)DtV 


- -E 
2 


sign' (it — v) cr^ (it) 


< 0 . 


Similarly, the entropy condition of v yields 


E 


ds |u - ii| + 9y(sign {v - u) (/(u) - /(it))) 


+ E 


sign' {v — It) a{v)DsU 


4 - 


sign' (i; — It) cr^(l') 


< 0 . 


Suppose that t > s. Then Dtv{s) = 0 as i; is adapted (to the underlying filtration). 
Adding the last two equations we obtain 


E 


{dt + ds) |it - ul + {dx + i9y)(sign (it - i;) (/(it) - f{v))) 


■E 


sign' (it — v) cr(v)DsU 


- 2 ^ 


sign' (it — v) (CT^(it) + cr^(i')) 


< 0 . 
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Completing the square yields 

(1.6) E {dtEds)\u-v\ + {dx+dy){s\g-si{u-v){f{u)-f{v))) 

ee' 


1 


sign' (m — v) (j{v){DsU — ct(u)) — -E’j^sign' (u — v) (cr(u) — cr(u))^ 


< 0 . 


=0 


Next we write 


Dsu{t) - cr{u{t)) = {Dsu{t) - a{u{s))) + {a{u{s)) - a{u{t))), 

and attempt to send t 4' s. The second term tends to zero almost everywhere. 
Formally, for fixed s, we observe that Dsu{t) satisfies the initial value problem 


(1.7) 


dw + dx{f' {u)'w) dt = {a' {u)id) dW{t), 
w{s) = (t(m(s)). 


(t > s), 


And so, concluding that 


Dsu{t) ^ a{u{s)), as t 4, s. 


amounts to showing that the solution to (113 satisfies the initial condition (in some 
weak sense). Given this result, the contraction property follows from dm) in a 
standard way: 


( 1 . 8 ) 


dt 


\\u{t) 




< 0 . 


The above argument is hampered by an obstacle; namely, that the Malliavin 
differentiability of an entropy solution seems hard to establish. This can be seen 
related to the discontinuous coefficient f'{u) in the stochastic continuity equation 
(11.711 . making it difficult to establish the existence of a (properly defined) weak 
solution. In the deterministic context, continuity (and related transport) equations 
with low-regularity coefficients have been an active area of research, see for example 
mo IS] (and also [H] for a particular stochastic setting). Continuity equations arise 
in many applications, such as fluid mechanics. They also appear naturally when 
linearizing a nonlinear conservation law ut + f(u)x = 0 into Wt + {f {u)w)x = 0, 
see mEEj. The present work shows that stochastic continuity equations arise 
naturally as well, through linearisation (by the Malliavin derivative) of stochastic 
conservation laws driven by semilinear noise. However, the study of such equations 
is beyond the present paper and is left for future work. 

As alluded to above, to make the contraction argument rigorous we would 
need to know that at least one of the two entropy solutions being compared, is 
Malliavin differentiable. To avoid this nontrivial issue, we shall employ a more 
indirect approach, motivated by [3]: comparing one entropy solution against the 
solution of the viscous problem linked to the other entropy solution, relying on 
weak compactness in the space of Young measures for the viscous approximation. 
The Malliavin differentiability of the viscous solution is then established and its 
Malliavin derivative is shown to satisfy a linear stochastic parabolic equation, with 
an initial condition fulfilled in the weak sense. Given these results, the proof of the 

contraction property follows as outlined above. 

Finally, we mention that the approach developed herein appears useful in the 
study of error estimates for numerical approximations of stochastic conservation 
laws, whenever the approximation is Malliavin differentiable. It seems to us that 
this Malliavin differentiability is indeed often available. Furthermore, the approach 
may be extended so as to cover strongly degenerate parabolic equations with Levy 
noise, cf. m,m- It also constitutes a starting point for developing a well-posedness 
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theory for stochastic conservation laws with random, possibly anticipating initial 
data. Note however that this seems to depend on the Malliavin differentiability of 
the entropy solution (Lemma 15.31 is no longer applicable). 

The remaining part of the paper is organized as follows: We present the solution 
framework and gather some preliminary results in Section [51 Well-posedness results 
for the viscous approximations are provided in Section|3] Furthermore, we establish 
the Malliavin differentiability of these approximations and show that the Malliavin 
derivative can be cast as the solution of a linear stochastic parabolic equation. The 
question of (weak) satisfaction of the initial condition is addressed. Sections 0] and [5] 
supply detailed proofs for the existence and uniqueness of Young measure-valued 
entropy solutions. Finally, some basic results are collected in Section [HI 


2. Entropy solutions 


Under the assumption a{x,0,z) = 0, the ordinary spaces (2 < p < oo) 
constitute a natural choice for (HU. Without this assumption, a certain class of 
weighted spaces seem to be better suited. For non-negative (j) we define 




\ i/p 

\u{x)f (j){x) dx j 


The relevant weights, denoted by Tt, consist of non-zero (j) G fl L^(R‘^) for 

which there is a constant such that |V(()(a:)| < C^(l){x). The weighted L^’-space 
associated with (p is denoted by LP{R‘^, cp). 


To see that fit is non-empty, consider (Pn{x) = (1 + l^^l^) ^ for G N. Then we 
claim that (pN G 9^ for all N > d. To this end, observe that 

VPn{x) = -2N —^-2<?^n(x), 

1 -f a; 


so |V(()iv(a:)| < 2N(Pn{x). Furthermore 

f Mx)dx= r[ 

jRrf Jo Jd 


0 JdB{0,r) 


1 -I- 


N 


dSdr < oo. 


Another family of functions in 91 is p\{x) = exp(—1 -I- |a;|^), for A > 0 [5H] . 

The fact that (p G L^(R'^) yields L'^(R'^,p) C LP(R‘^,ip) for all 1 < p < g < oo. 
Indeed, We shall also make use of the weighted L°°- 

norm 

, \Hx)\' 

:= sup 


ceR'^ 


(p{x) 


h G C{R‘^). 


Note that any compactly supported h G C{R‘^) is bounded in this norm, for p G Tl. 
The norm is convenient due to the inequality ||u||p < llwllp ^ Halloo (/.-I- 

Denote by S’ the set of non-negative convex functions in C'^(R) with S'(O) = 0, 
S' bounded, and S" compactly supported. Suppose Q : satisfies 

diQ{u,c) = S'{u — c)f'{u), (5(c, c)=0, M, c G R, 

where S G S. Then we call {S{- — c), Q{-,c)) an entropy/entropy-flux pair (indexed 
over c G M). For short, we say that (S', Q) is in if S is in S. 

We denote by the space of Malliavin differentiable random variables in 
with Malliavin derivative in L^(D; L^([0, T] x Z)) [571 P- 27]. 
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For {S,Q) G S’, (p G C^{[0,T) x and V G we define the functional 


Ent[(^,Q),^,F](w) :=E 


S{u^{x) — V)(p{0, x) dx 


+ E 


-E 


ff S{u — V)dtp + Q{u,V) ■ \7(p dxdt 

J JYIt 

/ S''{u — V)(t{x, u, z)Dt^zVip dii{z) dxdt 


J nr 





V)cf{x, u, z'f'p dp.{z) dxdt 


where Dt^zV is the Malliavin derivative of V at {t,z) G [0,r] x Z. 

We claim that Ent is well-defined whenever V G D^’^, u G L^([0, T] xfl; (j))), 

u° G and 


^ ll^iV^WIIoo.^-i JlVy’Wlloo../,-! are bounded on [0,r]; 

note that any (p G C^([0,T) x R'^) meets these criteria. To this end, observe that 
the first three terms are bounded due to the Lipschitz condition on S. Indeed, 


(2.1) |g(u,E)| = 


nU 

/ S'{z-V)df{z)dz 

Jv 


<ll^llLipll/llLipk-^h 


and so 

( 2 . 2 ) 


E 


// Q{u,V) -Vpdxdt 

J J nT-- 


<ll^llLipll/llLip^^ 


[[ {\u\ + \V\)\Vp\ dxdt 

J J nT-- 


< ll^lluip ll/lluip I {e [||u(t)||i, j ||V<p(t)|U_^_, + E [|E|] ||Vv7(t)||^,(«.)) dt, 

which is finite. The terms involving a are easily seen to be well-defined since the 
Hilbert Schmidt norm of G{u) (cf. (11.21) ') is bounded. To simplify the notation, we 
set EIS = SS 2 {L'^iZ); (/>)). Due to assumption l \Aal , 

||G'(M)||^g = / / a‘^{x,u(x),z)4>{x)dpi{z)dx 

Js.‘‘ J z 

< 2 ||M||^ 2 ( 2 ) / {l + \u{x)\^)(j){x)dx. 

Jr<i 


Boundedness of the last term follows as 


E 


jj j S"{u — V)(j{x,u,zYpdp{z)dxdt 
J J ITt’ Z 


<ll^"lloo^ 


II^WIloo,^- l|G(u(t))||^s dt 


(2.3) 
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By the sub-multiplicativity of the Hilbert Schmidt norm and Holder’s inequality, it 
follows that 


E 


fj j S"{u — V)a{x,u, z)Dt^zV^ d^{z) dxdt 

J J z 


rix z 
<l|5"|loo^^ 


[[ Mt)\\^,4 

J J IIt" 


a{x,u,z)Dt^zV d^i{z) 


(j)dxdt 


(2-4) <\\S”\UUfr!L,,E 


<\\s"\\^\m]!L.,E 


\\G{u{t))DtV\\^^^dt 


ii^wiiL,^- WGHmlsdt 


1/2 


X \\d^^\\L^{n-L^{[0,T]xZ)) < OO- 


Let ^ denote the predictable cr-algebra on [0,T] x ft with respect to {=^t} [IHl 
§2.2]. In general we are working with equivalence classes of functions with respect 
to the measure dt ® dP. The equivalence class u is said to be predictable if it has 
a version u that is /3^-measurable. In some of the arguments, to avoid picking 
versions, we consider the completion of with respect to dt®dP, denoted by . 
We recall that any jointly measurable and adapted process is .^*-measurable, see 
[B Theorem 3.7]. 


Definition 2.1 (Entropy solution). An entropy solution u = u{t,x;uj) of (11.11) . 
with initial condition G P; L'^(W^, (p)), is a function satisfying: 

(i) u is a predictable process in L^([0, T] x H; (p)). 

(ii) For any random variable V G D^’^, any entropy/entropy-flux pair {S, Q) in 
S, and all nonnegative test functions G C'“([0,T) x M'’*), 

Ent[(5', Q), /?, V]{u) > 0. 

Here L^([0,r] x H; </>)) is the Lebesgue-Bochner space, see Section lOl 


Remark 2.1. One consequence of the upcoming results is that the viscous approx¬ 
imations dSH) converge (strongly) to the entropy solution in the sense of Defini- 
tion l2.ll By passing to the limit in the weak formulation of dm, it follows that the 
entropy solution is also a weak solution. At an informal level, this is linked to the 
Malliavin integration by parts formula. To see this, let d = 1, VF be an ordinary 
Brownian motion, and suppose that u is a Malliavin differentiable and spatially 
regular entropy solution. We outline a nonrigorous argument showing that u is a 
(strong) solution of (11.111 . Let 


(w)-i- = 


u for M > 0, 
0 else, 


and sign_|_ (u) 


1 for M > 0, 
0 else, 


so that (u)(,_ = sign_|_ {u). Suppose for any A G there is a Malliavin differentiable 
random variable V satisfying 


u — V>0 for w G A, 
u — V<0 else. 


so that sign(^ {u — V) = 1 a- Let us point out that since random variables of the 
form are not Malliavin differentiable m Proposition 1.2.6], this argument is in 
need of an additional approximation step. As the argument is already informal, we 
skip this step. Let S{-) = (•)+ and 


Q{u, c) = sign+ (u - c) (f(u) - /(c)). 


tt, c G M. 
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The entropy inequality yields 


E 


dt{u - V)+ + da^isign^ {u - V) (/(u) - f{V))) 


+ E 


sign^ {u — V) a{u)DtV 


- -E 
2 


sign^ {u — V) cr^('u) 


< 0 . 


Apriori, the trace t i-A Dtu{t) is not well-dehned. However, due to (II.7L Dtu{T) 
a{u{t)) as r 4, t (essentially), while Dtu{T) = 0 for r < t, and so it is natural to 
assign the value 

Dtu{t) = lim — / Dtu{T) dr = -a{u{t)), 

2d Jt_s 2 

cf. [571 P- 173]. By the chain rule for Malliavin derivatives, 

Asign.^ {u-V) = sign(^ {u - V) - DtV^ , 


and so 


E 


dt{u - V)+ + A(sign+ (m - V) {f{u) - f{V))) 


< E 


Dtsign_^_ {u - V) a{u) 


The integration by parts formula of Malliavin calculus yields 


E 


Asign_,_ {u - V) a{u) 


= E 


sign_,_ {u — V) (7{u)dtW 


As sign_,_ [u — V)= 1 a, {u — V)+ = {u — V)1 a, and A is arbitrary, it follows that 

dtu + dxf{u) < (j{u)dtW. 

The reverse inequality follows by considering S{-) = (•)_. 


Let us fix some notation. For n = 1,2,..., we will denote by J" a non-negative, 
smooth function satisfying 

supp(J") C i?(0,1), f J”(a;) dx = 1, and J"(a;) = J”(—x), 

JR" 


for all X G R". For any r > 0 we let For n = 1 we let 

J+ (x) = Jr{x—r) and note that supp( J+) C (0, 2r). As the value of n is understood 
from the context, we will write J = J'^. 

According to Theorem 14.11 and Theorem 15.11 if G {VL; {W^, (j))), then the 
entropy solution belongs to x [0, T]; LP(R‘^, <())) for any 2 < p < oo. As a 

consequence of the entropy inequality we obtain the following: 


Proposition 2.1. Let 2 < p < oo and suppose G If 

u G L^([0,r] X H; <())) is an entropy solution of (II.ID . then 


ess sup 

0<t<T 


' E 




< oo. 


Proof. Set 


ps{t,x) = 

Introduce the entropy function 



cj){x). 


Sr{u) 


{ RP + pRP-^{u - R) 

i«r 

RP -pRP-^iu + R) 


for u> R, 
for —R < u < R, 
for u < —R, 
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and denote by Qh the corresponding entropy-flux. Strictly speaking, Sr is not in 
S’, but this can be amended by a simple mollification step (which we ignore). Note 
that Sr —pointwise. Furthermore, 

r \s'R{u)\<p\ur\ 

(2.5) I |^"(u)|<p(p-l)|ur^ 

i \QH{n,c)\<\\f\\^,^\u-c\r 

We apply the Lebesgue differentiation and dominated convergence theorems to 
make appear lim 54 ,o Ent[(S'/{, Q^), 0](u) > 0. This yields 


E 


Sr{u{t))4>{x) dx 


< E 


Sr{u^[ x))4>[x) dx 


E 


Uo 




Qr{u, 0) • S/(j)dxdt 

/ Sr{u)(t{x,u, dp,{z) dxdt 


L^o 


for almost all r £ [0,r]. Due to (12.51) it is straightforward to supply estimates, 
uniform in R, of the type (12.21) and (ESI). By the dominated convergence theorem, 
we may send i? —^ oo. The result follows. □ 


It is enough to consider smooth random variables in Definition 12.11 i.e., random 
variables of the form 

V = fiWih,),...,WiK)) 

where / G (^((“(IR"), W is the isonormal Gaussian process defined by E3D, and 
hi,... ,hn are in El = L^{[0, T]x Z), see [571 P- 25]. We denote the space of smooth 
random variables by S. 


Lemma 2.2. Suppose (1^1 and <\Acr\ i are satisfied. Fixu& L^{[0,T]xEl-,L^(W^,cj))), 
an entropy/entropy-flux pair {S,Q) £ S’, and p £ C'(N([0,r) x R*^). Then 

V KA Ent[(5',(5),(/3, V]{u) 

is continuous on (in the strong topology). 


Remark 2.2. It is not necessary that S” is compactly supported in the upcoming 
proof (it is sufficient with boundedness/continuity). 

Proof. Suppose that 14 —t D in as n —>■ oo, and write 

Ent[(S', Q), p, V](u) - Ent[(5', Q),p, 14](u) 


= E 
+ E 
+ E 
+ E 


{S{u^{x) —V) — S{u^{x) — Vn))p/d, x) dx 
{S{u — V) — S(u — Vn))dtp dxdt 

J nT" 

{Q{u,V) - Q{u,Vn))-Vpdxdt 

J riT 

[ {S"{u - Vn)Dt^zVn - s'/u - V)Dt^zV)(j{x,u, z)pdfj,{z) dxdt 


_j J nT-- 





—:Ti + 72 + 73-l-74 + 75. 


We need to show that lim„_>oo 


V) — S''{u — Vn))<T(x, u, z/p dp{z) dxdt 
Ti{n) = 0 for 1 < z < 5. 
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First, note that Vn vcl L?{Vl). Next, 

|ri|<||5|lLipi?[|^-K|]|k(o)iL,(R). 

Similarly, 

\T2\<\\S\\^,^E[\V-Vr.\]\\dM\^,^^^y 

It follows as 14 —>■ in that 7i,72 —>■ 0 as n —>■ 00 . 

Concerning Ts, we first observe that for any (,^,6 G M, 


IQ(C,e)-Q(C,0)l = 


J S'{z — ^)df{z) dz — J S'{z — 9)df{z) dz 





re 

< 

/ {S'{z-^)-S'{z-9))df{z)dz 

+ 

/ s'{z — 9)df{z) dz 






Hence, 


\%\ < E 


[[ riS'iz-V)-S'iz-Vn))df{z)dz 
JJiit jv 


|V(/3| dxdt 


+ E 

=--Ti+Ti. 

Consider T} ■ Note that 


rix 


S'{z-Vn)df{z)dz 


>v 


|V(p| dxdt 


[ {S'{z-V)-S'{z-Vn))df{z)dz 

Jv 

Due to Holder’s inequality it follows that 

ri < ||H - KlL.(a) ll/lluip ll'5"lloo l|V</^|li((n 


<ll/llLipl|5"llool^-^nl(H + l^l)- 


X E 


2 // {\u\^+ \V\^)\S/^p\dxdt 

J J n^-- 


1/2 


Since 


ri < ll^llLip ll/ILip E [|H„ - H|] ||Vv2||^.(n.) 
it follows that lim„_>oo Ta = 0. 

Concerning the Ti-term, we first split it as follows: 


ri = E 


■E 


f [ [ S”{u - Vn){Dt^zVn - Dt^zV)a{x, u, z)ip dfj.{z) dxdt 

_J J Il'j' J z 

ff f {S"{u — Vn) — S"{u — V))Dt^zVa{x,u, z)(p diJ,{z) dxdt 
J J nT- J z 


/ IT-j- J Z 

= T2+7f. 

By (12.41) . lim„_>.oo 7^^ = 0. Owing to (12.41) . the dominated convergence theorem 
implies lim„_>.oo T 4 = 0. Finally, by (12.3|) and the dominated convergence theorem, 
also lim„_>oo Ts = 0. □ 


For the existence proof, it will be convenient to introduce a weaker notion of 
entropy solution based on Young measures (see, e.g., n HU m HH])- The reason 
beeing the application of Young measures as generalized limits in the sense of 
Theorem ESI Denote by yA4 (Hr x fl; M) the set of all Young measures from 
Ht X H into M, cf. Section 16.51 Instead of representing the solntion/limit as an 
element in yM (Ht x H;R) we use the notion of entropy process proposed in [TB] 
or equivalently the strong measure-valued solution proposed in [5S] . Any probability 
measure v on the real line may be represented by a measurable function u : [0,1] —^ 
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KU { 00 } such that v is the image of the Lebesgue measure £ on [0,1] by it. In fact, 
we may take (see [2Z1 § 2 . 2 . 2 ]) 

( 2 . 6 ) u{a) = inf G K : fj) > a} . 

A Young measure 1 / G yM (IIt x Q; R) is thus represented by a (higher dimen¬ 
sional) function u : IIt x [0,1] x O —M, such that vt,x,u:{B) = C{u(t, x,-,u;)~^{B)) 
for any measurable i? C R. The extension to Young measure-valued solutions is 
obtained through the embedding defined by 

(2.7) $(it)(t, X, a, w) = it(t, X, w). 

Given a functional F we define the extension 

y{F){u)= [ F{u{a))da, 

Jo 

so that y (F) o $ = F. For 1 < p < 00 we let 

M\pMi = \ / (l){x)dxda 

\J0 dRd 

The associated space is denoted by LP{]R.‘^ x [0, !],(()). 

Definition 2.2 (Young measure-valued entropy solution). A Young measure-valued 
entropy solution u = u(t,x,a;uj) of ( 11 . 111 . with initial condition it° belonging to 
L^(fl, ^ 0 , P] T^(R'^, (t>)), is a function satisfying: 

(i) It is a predictable process in T^([0, T] x fl; L^(R‘^ x [0, !],()))). 

(ii) For any random variable V G any entropy/entropy-flux pair {S, Q) in 

and all nonnegative test functions (p G C^{[0,T) x R"^), 

(2.8) 3^(Ent[(F,Q),^,Y])(it)>0. 

The next result is concerned with the essential continuity of the solutions at 
t = 0. A similar argument can be found in [7]. 

Lemma 2.3 (Initial condition). Suppose ( |A/[ ) and TO are satisfied, and that 
it° belongs to Let u be a Young measure-valued entropy 

solution of (El) in the sense of Definition I A ill Let S' : R —> [0, c») be Lipschitz 
continuous and satisfy S{0) = 0. For any ip G C)?°(R''*), 



Pro ■— B 




S{u{t, X, a) 


— u°{x))ip{x)Jpt^ {t) dadxdt 


—0 as ro 4 , 0. 


Remark 2.3. The proof does not depend on the differentiability of J+. Hence the 
above limit may be replaced by 


limF 

T-tO 




S{u{t, X, a) 


u^(x))ip(x) dadxdt 


= 0. 


Proof. Let S G C°“(R) with bounded derivatives. Take 


(f{t,x,y) = ^ro{t)i^{x)Jr{x - y) where = 1 - / 

Jo 
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Then let V = u°{y) in (12.81) and integrate in y. This implies 
(2.9) 


I :=E 


< E 


R'i J JiYt -tlO.l] 


S{u{t, X, a) — u^{y))'tp{x)Jr{x — y)J^ {t)da dxdtdy 


J J Yl.'i' J [ 0 , 1 ] 


Q(u(t, X, a),u^{y)) ■ \7xy>da dxdtdy 


■E 


/B‘1 ./R'i 


S{u°{x) - u°{y))(p{0, X, y) dxdy 


1 

2^ 


J JTVj' J [ 0 , 1 ] JZ 

=:T^ + r^ + r^. 

Let us first observe that 


S"{u{t, X, a) — u^{y))a{x, u, dii[z)da dxdtdy 


I = Tr, 


^ f ff f {S{u{t,x,a) - u°{y)) - S{u{t,x,a) - u°{x))) 
_Jr<‘ j Jut j[o.i] 

X xp{x)Jr{x — y)J^ {t)da dxdtdy 


=:r.„ + /\ 


We want to take the limit xq J, 0. First observe that we have the bound 


=:R, 


< IIS'IIlip^ / / \u°{x)-u°{y)\ip{x)Jr{x-y)dxdy 

LdRrf jR‘i 

which is independent of xq. Similarly, |T^| < R. Note that ^rg —>■ 0 a.e. as xq i 0, so 
due to assumptions (Xf I d^AgD , one may conclude by the dominated convergence 
theorem and estimates similar to those in (12.21) and (12.31) that 

lim = lim = 0. 

rotO r-otO 


Thus, it follows by (EH) that 


lim Trn ^ 2i?. 

r-oiO 


Since r > 0 was arbitrary, and lim^^o R = 0-, we have arrived at limroj^o %-o ^ 0- The 
desired result follows, since we can approximate any Lipschitz function uniformly 
by smooth functions with bounded derivatives. □ 


3. The viscous approximation 

For each fixed e > 0, we denote by it® the solution of the regularized problem 

f dit® + V •/(it®)dt = / a{x,u‘^,z)W{dt,dz) + eAu'^dt, (t,a:)£n 7 ’, 
(3.1) < Jz 

( it®(0, x) = it°(a;), xgW^. 

As in the deterministic case, the idea is to let e —>■ 0 and obtain a solution to the 
stochastic conservation law (HH). The entropy condition is meant to single out this 
limit as the only proper (weak) solution; the entropy solution. To show that this 
limit exists, a type of compactness argument is needed niiTiin]. 

The existence of a unique solution to EH) may be found several places El HZ]. 
In particular, the semi-group approach presented in |301 ch. 9] may be applied. The 
functional setting of [30] is that of a Hilbert space, and so the natural choice here 
is L'^ , (p) where p G Due to the new functional setting, we have chosen to 

include proofs for some of the results relating to (13. 1|) . 
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3.1. A priori estimates and well-posedness. Let be the semi-group gener¬ 
ated by the heat kernel. That is Se{t)u = where 







Let F{u) = V • f{u) and G be defined by (11.21) . In this setting the key conditions 
pm p. 142] for well-posedness of (13.111 are: 

(F) D{F) is dense in and there is a function a : (0,oo) —>• (0, oo) 

satisfying a{t) dt < oo for all T < oo such that, for all t > 0 and 
u,v € D{F), 

ll5£(t)F(u)|l2,0 < a{t) (^1 -h , 

\\Se{t)iF{u) - F{v))\\^^^ < a{t) ||m - . 

(G) D{G) is dense in and there is a function b : (0,oo) (0,oo) 

satisfying b'^(t)dt < oo for all T < oo such that, for all t > 0 and 
u,v G D{G), 

b{t) (l + ||m||2,0) , 

ll‘S'e(0(G(w) ~ ^('^))ll.5f2(L2(2);i2(Rd_0)) < b{t) ||u — u||2_0 . 

Suppose G ^ 0 , P; 0)). Under assumptions (F) and (G) we may 

conclude by [sni Theorem 9.15, Theorem 9.29] that there exists a unique predictable 
process : [0, T] x 12 —>• </>) such that 

(i) 


(3.2) 


sup E 

0<t<T 


^WII 


2 

2,4> 


< oc. 


(ii) For all 0 < t < T 


(3.3) 


'{t,x)= [ - y)u°{y)dy 

n ^x^eit - s,x-y)- /( m ^( s , y)) dyds 

.d 

s,x- y)(T{y, u%s, y),z) dy W{ds, dz). 

<d 


+ 


(hi) u® is a weak solution of (EH), i.e., for any test function ip G C')?°(R'*) and 
any pair of times tg, t with 0 < tg < t <T, 


(3.4) f u^(t)pdx= f u^{tg)pdx— f f f {u^ (s)) ■ V p dxds 

JR<‘ Jr<‘ Jto Jr‘‘ 

+ / cr(x,u^{s,x), z)pW{ds,dz) dx + e / / u^Apdxds, 

Jto JR'‘ jZ Jto Jr'^- 

c?P-almost surely. 

To see that conditions (F) and (G) are satisfied we prove the following estimate: 
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Lemma 3.1. Fix 0 G 91 and 1 < p < oo. Let v € </>;u G LP(R‘^,(/>). 

Whenever C^\/4^ < 1, 

(i) \\^e{t)-ku\\p^^< Ki^d\\u\\p^^, 

(ii) ||ci>,(t)*Vi;||^,^<^||i;||^_^, 

7 docid) dot(d) 7 

where Ki^d = Cd-i-;^, i^ 2 ,d = Cd-;^, and 

POO 

Cd= C‘^(l+ C)^exp(C-C^)dC- 

Jo 

The volume of the unit ball in is denoted by a{d). 

Before we give a proof let us see why (F) and (G) follow. Recall that we may 
assume /(O) = 0 without any loss of generality. By Lemma [XT] and (I^), 

^ ll/lluip M2.^ ■ 


a{t) 

It remains to observe that dt = 2\/T < oo. The second part of (F) follows 

similarly. Let us consider (G). First observe that 


Se{t)G{u)h{x) = 


'R<i 


d>e(t, X - y)a{y, u{y), z) dy h{z) dp{z). 


Recall that FIS = .^^{L'^{Z)\L'^^ (jf)). By Lemma [5TT] and l \Aa\i 

\\Seit)G{u)\\]jg = f f (f ^e{t,x-y)a{y,u{y),z)dy'\ ^{x)dxdp.{z) 
Jz \JR’^ / 

\^,{t)-kcr{-,u,z)\\l^^ dy{z) 


fz 

2 


< l^l.d II^I1l 2(Z) (ll^llLi(R‘i) + 11^112,<^) ■ 

This yields the first part of condition (G). The second part follows similarly, in view 
of the Lipschitz assumption on a. 

Proof of Lemma \3.1\ Gonsider (P. By Proposition !^^ 

ll^eW*w||p,,^ < (^J^j^e{t,x)\ {1 + Wp,^{\x\)) dx^ ■ 


where 


G, 


Wp, 4 >{r) = —r 1 H- -r exp 




Ca 


Gs 


We apply polar coordinates to compute ||d>(f)||. This yields 


II^^WII = 


/ / \^e{t)\ir)il + Wp,^{r))dS{r)dr 

'0 JdB(0,r) 

da{d) 1 


(4e7rt)‘^/2 


To simplify, we note that 




exp 


'9±r 

J.2 \ 

. P 

4et / 

G^ \ 

1 

——r 

H- -r 

P ) 

P 


Gd. 


dr. 


G, 


exp-+ -^r 1 + -J-r < 1 


Ga 
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Let ( = rl\/Aet. Provided < 1, it follows that 

9±r = < C- 

P P 

Inserting this we obtain 

wmw < ^ (1+c)^ exp (c - c^) dc 

Estimate dnj) follows along the same lines. Integration by parts yields 

/ ‘^e(t,x-y)V ■v{y)dy= I - y) ■ v{y) dy. 

jRd- jRrf 

Hence, 




By ProDOsition l6.41 




Let r = |a;|. Then 

||V$(t)|| = 


0 JdB{0,r) 


||V$(t)ll 


|V$£(t)| (r)(l + Wp^^{r)) dS{r) dr. 


’E(r) 


Now, 


and so 


, , 2Trx / \x\ 


Cs r^\ f f C^\ 


Let Q{r) = rjy/Aet and suppose C^y/4^ < 1. Then 






I (y) (' 




< 


pOO 

yii / c'^(i + c)2exp(c-c')dc. 

Jo 


This concludes the proof of the lemma. 


□ 


The following two lemmas constitute the reason why Lemma [ITT] is the key to the 
well-posedness of (EH). As we will see, the relevant properties of follow rather 
easily with these estimates at hand. 

Lemma 3.2. Let 1 < p < oo and ^ G 91. Suppose v G (^([O, T]; IT^’P(R‘^, </>; R'^)). 
Set ^ 

T[v]{t,x)=[ [ ‘^e{t-s,x-y){\7 ■v{s,y))dyds. 

Jo JRrf 

Then, for any 1 < q < oo, 

where K 2 ,d = Cd and Cd is defined in Lemma [fi71\ 
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Proof. By Minkowski’s integral inequality [3TJ p.271] and Lemma ixn 
||rM(t)||^,^ < \mt - a) * (V • vis, y))\l^^ ds^ ' 


< 


K2,d 


lo \/eit - s) 


lk(s)llp.0 ds 


If q = 1 we are done, so we may assume 1 < q < oo. Let r satisfy 1 = r ^ + q ^ 
and take 


his) := 


1 


1/r 


\/eit- s) 


and q(s) := 


1 


l-l/r 


\/£(^ - s). 


llp,0 ■ 


By Holder’s inequality, ||/iq||ii([o,t]) < ll5lli,([o,t]) ll^lli--([o.t])> and so 


\\T[v]it)\\l^<in,,Ahhr^[o,t])y 


lo y/eit - s) 


ds. 


A simple computation yields 


q/r 


lz,-([0,i]) 


lo y/eit - s) 


ds 


= 2 


9-1 


The result follows. 


Lemma 3.3. Let 2 < p < oo and £ Tt. Suppose n : H x [0,T] x Z x 
a predictable process satisfying 

\vis,x,z)\ < Kis,x)Miz), 

for M £ L^iZ) and a process K £ L^i[0,T]; LPiri; L^iW^, (/}))). Define 

T[v]it,x)= f [ [ ^eit-s,x-y)vis,y,z)dyWidz,ds). 
Jo Jz Jr<^ 


□ 


IS 


2/p \ 


1/2 


Then 

where Cp is the constant appearing in the Burkholder-Davis-Gundy inequality and 

doL^d) 


Ki^d = Cd-i ^d /2 : with Cd defined in Lemma \S.l[ 

Remark 3.1. To prove this result we use the Burkholder-Davis-Gundy inequality 
for real-valued processes. Using Banach space valued versions [13 Ea , one can 
derive more general estimates. 

Proof First note that 

Mit,x)= f [ f ‘^eir- s,x-y)vis,y,z)dyWidz,ds) 

Jo Jz 7K<i 


is a martingale on [0,r], and so by the Burkholder-Davis-Gundy inequality [52], 

rt r \ pD' 

/ I 

/o Jz 


E[\T[v]it,x)n<CpE 


n |$e(t — s)'k v{s, *, z){x)\^ d^{z) ds 



















18 


K. H. KARLSEN AND E. B. STORR0STEN 


Upon integrating in space and applying Minkowski’s inequality, it follows that 

2/p 


E 




< cVpE 


<cl!^ 


[ ( [ [ — s) * v{s, ■, z){x)\'^ d^{z)ds^ 4>{x)dx 

dR<i \Jo J z ) 

f [ E f s)-kv{s,-,z){x)\^ cl){x)dx 

Jo Jz 


2/p 


d^{z)ds. 


By Lemma 13.1 
E 

By assumption, 




2/p 


^ S ^1,. 


E 


0 JZ 


2/p 


dfi{z)ds. 


E 


0 Jz 


2/p 




2/p 


ds. 


□ 


For a Banach space E we denote by the space of pathwise continuous 

predictable processes u : [0,T] x fl ^ E normed by 


1/9 


(3.5) 


M\p,q,E--= sup e-'^*F;[|lR(t)|||,] 
Vtelo.T] 


The existence of a solution to (EH) is obtained by the Banach fixed-point theorem, 
applied to the operator 

S{u){t,x) := [ ^s{t,x-y)u°{y)dy 

- / a,x-y)-f{u{s,y))dyds 

Jo dR-i 

+ / / / ^e{t-s,x-y)a{y,u{s,y),z)dyW{ds,dz), 

Jo Jz Jm.'^ 

in the space Xp^ 2 ,L^{R'^, 4 i)^ with /3 € K sufficiently large. It follows that the sequence 
{u”}„>i defined inductively by = 0 and = 5(u”) converges to in 

2 .L^{R‘>‘, 4 >) as n —?► oo. By Lemmas 13.21 and 13.31 we are free to use the space 
‘^/3,p,Lp(R‘^,</) foi s-iiy 2 < p < oo in the fixed-point argument [T7] . 

We can use Lemmas 13.21 and EH to deduce a continuous dependence result. To 
do this, we need a measure of the distance between the coefficients. For the flux 
function /, the Lipschitz norm is a reasonable choice. Concerning the noise function 
cr, we introduce the norm ||cr||Lip = 11 -^ 0 - 11 ^ 2 ( 2)1 where 


Mcr{z) = sup jsup-^ 
LuGM t 


cr(a;,u,2:)| 


+ sup < sup 
I u^v 


\a{x,u,z) - a{x,v,z)\ 


Note that for any a satisfying dM^D , we have HcrllLjp < oo. 

Proposition 3.4 (Continuous dependence). Let 2 < p < oo and (/) S 91. Let /i, /2 
satisfy (I^l and (Ti,CT 2 satisfy dMg-D . Suppose Ui,U 2 G LP{fl,J^Q,P;LP{M.'^,(j})). 
Let uf and ul denote the weak solutions of the corresponding problems EH with 
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f = fijCr = Oi, and for i = 1,2. Then, for fd > 0 sufficiently large there 

exists a constant C = C{l3,e,T, fi,ai) such that 


'*^211/3, ^C\ E 


1 “2||p_0 + ll/l /zlluip ll'“lll/3,p,LP(R'i,0) 

+ Ikl -O-sIlLip (||</>|| Li(R'i) + ll^lll/3,p,LP(R‘^,0)) 

where the norm H-H^ ^ Lp(R'i 0 ) defined in (I3.5|) . 

Proof. By (13.31) . 

ul{t,x) - u^ 2 {t,x) = / <l>e{t,x-y){u°^{y)-u^{y))dy 

Jr’^ 

-[ [ '^x^e{t-s,x-y)-{fi{ul{s,y))-f 2 {ul{s,y)))dyds 
Jo Jr‘^ 

s,x- y){ai{y,ul{s,y),z) - a 2 {y,ul{s,y),z)) dyW{ds,dz) 


+ 

= Tl + 72 + To- 
By Lemma [3.11 


E 


mm 


< 


where Ki^d is defined in Lemma 13.31 Hence 

(3-6) l|7l||/3^p_LP(Rd_0) < Ki^dE 

Consider T 2 . Note that 

i/p 

E " . . “ ' .. 


I 0 OIIP 

■Ul — Uo , 

I -i- ■*11 P,(P 


I 0 OIIP 

\Ul — J. 

\ ^ ^ llp?0 


i/p 


1 i/p 


ll/lK W) - f2m2is))\\^ < ll/l - f2\mE [lk?(s)ll^.0^ 

+ ll/2|lLip^^[KW-«2WII^.0 

By Lemma [3.21 

^^[lir2(i)||^.^' 

p-i 


i/p 


<<dl2W- 



II/i-/2|ILp 


1 



\2^|- 


P-1 


2||Lp 


0 ^/s{t - s) 

1 


-.E 


ds 


-.E 


lo \/e{t - s) 

Multiplying by and taking the supremum yields 


Ik5(s)-«2(S)II^.0 


ds. 


(3-7) l|r2||^,p,^,(R.,^)< 5/3,1 ll/l -MLip II '*^lll/3.p,LP(R'i.0) 

+ 5/3,1 ll/2|lLip ll'^^l ~ '“2ll/3,p,LP(R‘i,0) ) 

where 


3,1 = K 2 ,d sup ( 2 
te[o,T] 



1-1/p 


pt -p{t-s) 


- ds I 

\/e(i - s) J 


\ i/p 


Consider To- First, observe that 

|CTi(y,<,z) - a2{y,ul,z)\ < M^z) \u\ - m^| + + |uf|). 
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Due to a simple extension of Lemma 13.31 


E 


liraWii 


i/p 


< IklllLip 


E 




l 2 /p 


■cyPKi,d||cri -crallLip 


E 




ds 

l 2 /p 


Multiplication by e and then taking the supremum yields 


1/2 



(3.8) l|73||^_p_ip(Rd_0) < ^/3,2 llcilllLip llui “2ll/3,p,LP(Krf,</.) 

+ 15/3,2 Iki - cr2||Lip (ll?5||ii(Rd) + l|wf 


where 


< 5 / 3,2 = <3p^^Ki,d sup 

tG[0,T] 


rt X 1/2 


'0 



Here we used that ||ll|^^p^iP(R<i_ 0 ) = ll</5|lLi(Rd)- Combine (13.61) . (13.7L and (13.8L and 
note that —?► 0 as /3 —>■ oo for * = 1, 2. This concludes the proof. □ 


In order to apply Ito’s formula to the process 1 1 —>■ x) we need to know that 

the weak (mild) solution of (13.111 is in fact a strong solution. The following result 
provides the existence of weak derivatives. 


Proposition 3.5. Fix </> G Tl and a multiindex d. Make the following assumptions: 

(i) The flux-function f belongs to C'I“I(R;R‘^) with all derivatives bounded. 

(ii) For each fixed z G Z, {x,u) i—>■ cr(x,u,z) belongs to (71“! (R'^ x R) and for 
each 0 < a < a and 0 < n < |a| there exists Mct,n G L^{Z) such that 


\dfdfa{x,u,z)<Ma,niz), 

[ d ° a { x , u , z ) < Ma , o { z){l + |m|). 

(hi) The initial function satisfies for all a < d, 


E 


I go‘n,o\\P 


p,4> 


< oo (2 < p < oo). 


Let It® be the weak solution of dSH). For any a < d, there exists a predictable 
process 

it, X , uj) i-A X , uj) in T] x H; </>)) 

such that for all ip G (//“(Hr), 



ip dxdt 


(_1)DI 



u^dfipdxdt, 


To prove Proposition 13.51 we apply 


dP-almost surely. 


Lemma 3.6. Let a G (//“(R®* x R) and suppose u G C°°(R®*). For any multiindex 
a, letdf :=nfc^“"- Then 

ItI 

dfa{x,u{x)) = ^ ^ C^^a,df~'^d)f'^(j{x,u{x))W_dTu{x). 

C<a7e7r(C) 

Flere 7 r(()) denotes all partitions of f, i.e., all multiindices 7 = 

'Yhl'" = C- Furthermore, jyj denotes the number of terms in the partition 7 . 


Remark 3.2. Whenever ^ 0 we assume that the terms 7 ® in the partition 7 

satisfies 7 ® ^ 0. If () = 0 we let 7 = 7 I = 0 and by convention let I 7 I = 0. 
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Proof. One may prove by induction and the chain rule that 
d^a{x,u{x)) = [( 5 ^ 

By the binomial theorem, 

{d^ + dy)°‘a{y,u{z)) = ^ ('pjd^-‘^d^^a{y,u{z)). 

C<a 

Thanks to m Propositions 1 and 2], it follows that 

dia{y,u{z))= ^ M^d)f!''a{y,u{z))W_df'u{z), 

7G7r(C) i 

where is a constant. The result follows by combining the above identities. □ 


Proof of Provosition \S.5[ We divide the proof into two steps. 

Step 1 (uniform estimates on {u^}n>i)- For all C < a, suppose 


(3.9) 


sup E 

0<S<T 


d^u^is) 


p 

p,<t>_ 


— ^<,p 


{2 <p < oo). 


We claim that there exists a constant C > 0, independent of (3 and n, and a number 
(5/3 > 0 such that 

(3.10) + , 

where 5p < 1 for some /3 > 0, and H-H^ ^ lp(r<^ 0 ) i® defined in (13.Sp . Given (I3.10p . 
it follows that 

n—1 ^ 

k=0 ^ 

and we are done. 

To establish (13.101) . observe that the weak derivative satisfies 


a>"+i(t,x)= [ ^,{t,x-y)d;;u°{y)dy 

- [ [ s,x-y)-dyf(E^{s,y))dyds 

Jo Js.'i 

f f s,x-y)dya{y,u'^{s,y),z)dyW{ds,dz) 

Jo Jz Jr<‘ 


=: Tiit,x) +T 2 {t,x) + 7 ) 3 ( 1 , x). 


To justify this, multiply by a test function and apply the Fubini theorem |391 p.297]. 
By the triangle inequality we may estimate each term separately. 

Consider 71. By Lemma 13.11 


E 


WTimu 


< 


I 


P 

p,<i>\ ’ 


where Ki d is defined in Lemma l3.3l By assumption (iii) it follows that there exists 
a constant C such that 


IITill 




< c. 


(3.11) 
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Consider 72 - By Lemma 


mr 


tg[o,T] 


-P^E 






p-i 


sup / =e 

te[o,T]Jo yje{t-s) 




ds 


[2^1- 






0 )' 


/o A/£(i- s) 

By Lemma [3.61 the triangle inequality, and the generalized Holder inequality, 

p n i/p 


E 


1 i/p 


l|5“/K(s))llp.,^J < E 51^1/ 

7G7r(a) 


E 


hi 


hi 


2=1 


< E 5'^'/ 

7 ^ 77 ( 0 :) 


2=1 




p,d' 

9i 

9i,<^ 


1 l/9i 


whenever X]!=i ^ ~ p- Since 7 is a partition of a, X]l=i |7*| = I^^Ij 

take qi = lajp/ 7 * . By assumption there exists a constant C, independent of n, 


such that 


E 




9ih 


<a 


for all terms where 7 * < a. Since Ca^a = 1, there is another constant C such that 


E 


i/p 


1 i/p 


\\dV{n-{s))rp,^\ <C+ Ilf IL E 

for all n > 1. Multiply by and take the supremum to obtain 

I|9“/(«")II;3,P,L.(M.,^) < C + Ilf IL . 

It follows that 

1-1/p / 'T art \ \ 1 /P 

! ^ 

ll"^ll/3,p,LP(R‘^,<^) 


(3.12) 


< Cd I 2 J- 


r'^ g-/3(t-s) 


ds 


\Jo ^e{t- s) 

x(c+||f|L||5“uf|^_^,^,(«._^)). 


Consider f. By Lemma 17^ 


r3(t,f = E E 

C<a 7G'7r(C) 


0 J Z JS.‘‘ 


s,x-y) 


hi 


X 7“ ^4^'(T(y,M”(s,y),z) I 'Wd'^'u^[s,y) | dyW{ds,dz) 


>2=1 
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where contains the term with C = 0- By Lemma |3.3l assumption (ii), and the 
generalised Holder inequality, 

1 i/p 


E 


l|r/Wl 


P.0 


0<C:<ct 7G7r(C) 


/•i l7l 

f He 

0 i=l 


d^'u^{s) 


n,4> 


2/9i 


1/2 


ds 


where qi = |C|p/ |7*|- The term Tj is estimated similarly by applying the second 
of assumption (ii). It follows from (Id.911 that there exists a constant C such 


case 

that 

E 


Iir3(t)|| 


i/p 


l2/p 


< C + cy^'ici.,|lMo,ilL.(^) ( / E ds 


1/2 


Multiplying by (e and taking the supremum yields 

(3.13) 

ll"^ll/3,p,LP(R'^,0) — ^ T ||Mop 11^2(2) 


X sup 
tG[0,T] \Jo 


-2p(t-s)/p [||9“m"(s)||^ ds^ 


1/2 


< 


: ^ Il'^'^.l 11^2(2-) Y 2^ ^ ll;8,P,i’’(R‘*,0) ■ 

Combining (I3.11L (13.1211 . and (13.1311 we obtain inequality (13.1011 . where 

[I 

+ cJ^Ki^d ||Mo,i| 72 ( 2 ) ^ 

It is clear that —>■ 0 as /3 —)► oo and so (13.1011 follows. By induction, estimate 

(13.911 holds for all () < a. 

Step 2 (convergence ofu^). Fix a < ci. We apply Theorem 16.91 to the familiy 
on the space 

{X, fi) = {V, X Ht, 9’ ® (K'^) , dP (Si dt0 (j){x)dx). 

By means of (13.911 . 


supjif ff \d°‘u'^(t,x)\^(j){x)dxdt 

n>l L .j Jut 

Hence, {d°‘uFn>i has a Young measure limit S yXi (B x Bt). Next, define 
d°‘u‘^{t,x,uj) := /jg By definition, the limit has a. ® S§ (R'^) measurable 

version. Furthermore, € L^(B x [0, T]; L^’(]R‘^, c^)), cf. proof of Theorem 14.11 

and Lemma [6.81 Let us show that i9“m® is the weak derivative of rt®. To this end, 
observe that 


1 < oo. 



u^{t,x)d°‘Lpdxdt = (-l)l“l 



d°‘u'^{t,x)(p dxdt, 
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for any tp G By Lemma [6.1 in i') and Theorem Id.lOl there is a subsequence 

{n{j)}j>^ such that for any A G 


lim E 

j^oo 


1a d°‘u'^^^^pdxdt 


= E 


= E 


/ p{t,x)lA{(^)dvl^,,{Ctdxdt 

JR 

[[ d^u^ipdxdt 

J t/riT’ 


As u" —>■ u‘^ in A’^, 2 ,L 2 (R‘^,<;i.)j it follows that 

lim E 1a [[ u^d°'pdxdt =E 1 a [[ u‘^d°‘pdxdt 

n^oo [ JJnT J L JJnT 

This concludes the proof. 


□ 


3.2. Malliavin differentiability. We will establish the Malliavin differentiability 
of the viscous approximations. Furthermore, we will observe that the Malliavin 
derivative satisfies a linear parabolic equation. This equation is then applied to 
show that Dr,zu‘^{t^x) —>■ a{x,u^{r^x)^ z) as t J, r in a weak sense ('Lemma 13.811 : a 
property that is crucial in the proof of uniqueness. 


Proposition 3.7 (Malliavin derivative of viscous approximation). Suppose (Af I 
and dMjD are satisfied. Fix 0 G ffl and G Let he the 

solution of ()3.1I) . Then u‘^ belongs to lA'^{Lf{\f)^T\,Lf{W^,(f)))) and 


(3.14) 


esssup||M^(t)||j,i, 2 (i, 2 (Rd < oo. 

0<t<T 


Furthermore, for dr dp-a.a. (r,z), the -valued process {41r,z'«'^(i)}t>r 

a predictable weak solution of 

(3.15) 

dw-IV ■ {f'(%F)w) dt = / d 2 (y{x,u^, z)wW(dt,dz)-\-el^w dt, tG[r, T], 
J z 

w{r, X , z) = a(x, u^(r, x),z), 
while Dr zU'^(t) =0 if r > t. Furthermore 


(3.16) 


esssup<^ sup E\\DrU^it)\\j^ 2 ,z-,L^(KL 4 >))(^°°- 

r-G[0.T] [tG[0.T] 


Remark 3.3. Let Wr,z(t,x) = Dr^zU^ftjx), t> r. Estimate (13.161) may be seen as a 
consequence of the Gronwall-type estimate 


E 


.WII 


2,4) 


< 


[l + E^\wr,z{: 




for t > r. From the perspective of a uniqueness result (see Lemma [3.8L it is of 
interest to know whether one can derive such estimates independent of e. 


Proof. We divide the proof into two steps. 

Step 1 (uniform bounds). Consider the Picard approximation of u^. We 

want to prove that 


(3.17) 

Recall that 


sup ||w”(l)||Di, 2 (L 2 (Rd < C, for all n > 1. 

0<t<T 


2(L2(Rd_0)) 


= E 


1^0 


■E 


ll^^"(OII_H'®L2(Rd_0) 


where H is the space L^([0,T] x Z). Note that there is a constant C such that 


(3.18) 


sup E 

0<t<T 


XOII 


2.0 


<C', 
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by the proof of Proposition l3.51 Step 1 with a = 0. Next, we claim that there exists 
a constant C such that 

(3.19) ||Du"+i ll/3,2.H®L=(R^0) + h P«”II/3.2.H®L=(R^0) ^ ^here 5p < 1, 

for some /3 > 0. We then conclude that 

n-l „ 

k=0 ^ 


and (|3.17l) follows. 

Let us establish 1)3.191) . By Propositions 1.2.4, 1.3.8, and 1.2.8], 

(3.20) 

= / ^e{t-r,x-y)a{y,u^{r,y),z)dy 

-f f s,x-y)-f'{u'^[s,y))Dr,zU^{s,y)dyds 

J r 

f f f s,x-y)d2(j{y,vJ^[s,y),z')Dr,zu'^{s,y)dyW{ds,dz') 

Jr JzJr'^ 

=:7;"+r2" + T3", 

for all r € (0,t]. Whenever r > t, = 0 since is adapted, see [?7l 

Corollary 1.2.1]. We proceed by estimating each term of (13.201) separately. 
Consider 77‘• By Lemma 13.11 and assumption (113), 

l|Ti"(r,t)||i 2 ( 2 .i 2 (Rd_^)) = f \\^e(t-r)*a{-,u^{r),z)\\l^^ dfi{z) 

'J z 

— (^ll'('llLi(Rrf) + ll"*^ (^)ll2,0) > 

for each 0 < r < t. It follows from (]3.18p that 

(3.21) 

ll’^l"ll,S,2,H®L2(R‘*,0) 


< «i.d||^llL2(z) (^^sup^e ^ (||<(>||ii(Rd) + ||M”(r)||2_^)^dr ^ < C. 

Consider 7^". By Lemma [!01 

\\T 2 ^ir, mUz;LHR^,^)) = ! f - s) * f\u-{s))Dr,zU-{s)ds 

J Z Jr 

< 24 ^ Ilf lie 


dfi{z) 


2,4> 


Iloo 


t — r 


Jr 


\/e{t- s) Jz 


\Dr,zu'^ {s)\\^^^dy{z) ds. 


Multiplication by e and integration in r yields 


-PtE 


llf!"(f llH®L2(R<i,,^) 


<24fifii: 


t /■* 


£ Jo y/e{t - s) 


e-P^E 


\Du^{s) 


lH®L2(Rd_0) 


ds. 
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It follows that 

(3.22) llTj.” 11/3^2,< K2,d Wf'W 


2 \ - 




1/2 


: ds 


£ Jo y/e{T- s) 

X WDu'^{s)\\ i3,2,H0L^iRd.,4,) ■ 

Consider 7^". Due to ro , 

\d 2 cr{x,u,z')Dr,zu'^{s,y)\ < M{z') \Dr,zu'^{s,y)\. 

By Lemma [3.31 


E 




3 V 1 DllL2(2;L2(Brf,/,)) 


^ 11-^11^2(2) f E II DrM"(s)||^2(2;L2(Rd_0)) 

J r 

Integrate in r and multiply by to obtain 


ds. 


-PtE 


ll"^”(^)llff®A2(Rd_0) 

^ C2Ki_d ||M||j^2(2) f e ||.Du"(s)||^|g,j^2(Rd_0) 

J 0 


ds. 


Hence, 


(3.23) ll"^"ll/3,2.ff®L2(Rd^0) < C2^ ^l,d ll■^llL2(2) 11^,2,ff®L2(Rd_0) . 

Combining (I3.2IL p.22p . and p.23l) yields (I3.I9D with 

1/2 


Sfi = K2.d||/'|lc 


T F 


£ Jo \/£(T - s) 


ds 


"2 ^l.d II-^IIl2(Z) 


where K 2 ^d is the constant from Lemma 13.21 while C 2 and Ki d are the constants 
from Lemma [S31 Note that i5/3 | 0 as /3 — 00 . Leaving out the integration in r 
throughout Step 1, we deduce the estimate 

C 

(3-24) ll-O>''a"||^^2,L2(2)0i2(Rd^0) < ^ ■ 


Step 2 (convergence). Let E denote the space L^([0, T]; ^)) and recall 

that El = L‘^{Z X [0,T]). Consider {uFn>i ^ sequence in ©^’^(if). By (13.171) 
and the Hilbert space valued version of m Lemma 1.2.3] (see [U Lemma 5.2]), it 
follows that belongs to D^''^{E) and that Du^ Du^ (weakly) in H 0 if), 

i.e., for any h G H,(p £ E, and V G L'^(El), 

E [(Dm”, h ® <p)h0e V]^E [{Du^, h ® (p) h^e ■ 

It follows that the map 

{t, w) i-A Du^{t, w) G F{H 0 F(MJ, (/>)) 

is ,^*-measurable. Note that Lemma inj extends to this case, so that (t,w) i-A 
E>r,zu‘^it,u) is J^*-measurable for dr Z) dfi almost all {r, z) G [0,T] x Z. 

For each fixed t G [0,T], we conclude by (13.171) that u^{t) G ]D>^’^(L^(]R'^, (())), 
where Du”(t) ^ Du^{t) (weakly) along some subsequence. Besides, this limit 
agrees dt-almost everywhere with the evaluation of the limit taken in D^’^(D). 
This follows by definition for smooth Hilbert space valued random variables and 
may be extended to the general case by approximation. The weak lower semi¬ 
continuity of the norm yields (13.14|) . Similarly, we may apply (13.24|) and the 
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Banach-Alaoglu theorem to extract a weakly convergent subsequence in the space 
L°°([0,T]; A’^_ 2 .L 2 (z)®L 2 (R‘i, 0 ))- This yields the bound (13.161) . 

As above, u^{t,x) G for dt ® fia;-almost all {t,x), and for such {t,x) we 
have Dr,zU^{t, x) = Du'^(t, x, r, z) for 0 dr almost all (r, z) where Du^(t, x, r, z) 
denotes the evaluation of the limit taken in ]D)^’^(if). Taking the Malliavin derivative 
of (13.311 (as above on it follows that t H> Dr,zU^{t) is a mild solution of (13.1511 

for dr 0 dfi almost all (r, z) . To conclude by m Theorem 9.15] that it is a weak 
solution, we verify conditions (F) and (G), with F{w,t) = V • {f'{u'^{t))w) and 

G{w,t)h{x) = / d2(7{x,u^{t,x),z)w{x)h{z)dfj,{z). 

J z 

□ 


The next result concerns the limit of Dr^zu‘^{t, x) as t r. In view of Lemma 13.71 
this is a question about the satisfaction of the initial condition for (13.1511 . 


Lemma 3.8. Let 4> G C^CMr) be non-negative. In the setting of Proposition \37?\ 
for Ik G L^(fi X Z; (/))), set 


%o{^) ■= E jjj {Dr^2U^{t,x) — a{x,u^{r,x),z)) J^g{t — r)^(j)dtdxdfi{z) 
_ Zx IIx’ 

Then there exists a constant C independent of rg sueh that 

ll/2 


(3.25) 


\Tr,m<CE 


1^1 




and lim^oio 7).o(di) = 0 for dr-almost all r G [0,r]. 


Proof. Note that 

inequality. 


V = 

1 '^"0 1 

/ ^ 

do L 


/ / '^{x,z)Dr^zU^{t,x)(l){x) dxd^{z) 

Jz Jr-^- 

<esssupif / / '^{x, z)Dr^zU^{t,x)4>{x) dxdfi{z) 

te [o,T] Uz Jr-^ 


J+(t-r) dt 


< E 


1^11 


\L'^{Z-L'^{R'^,<t>)) 
Furthermore, due to 


Vo = E 


1/2 


ess sup < E 

tG[0,T] I 




ll/2 


/ / 'i'{x,z)a{x,u‘^{r,x),z)(f){x)dxdfi{z) 

_JzJR'^ 


< \\M\\ 


L^Z) 


E 


1^1 


L2(2;L2(Kd_^)) 


1/2 


E 


|1 -I- |u^(T)|||i2(Rd^0) 


1 1/2 


The uniform bound (13.251) follows by (|3.16ll and (13.2F Note that ik 7((o(d>) is 
a linear functional on L^(0 x Z; L^(]R‘^, <())), for each rg > 0. By (|3.25l) the family 
{V}ro>o uniformly continuous. Hence, by approximation, it suffices to prove 
the lemma for ik smooth in x with bounded derivatives. Let 

(p(t,X,z) = 'S(x,z)(/)(x)fro,r(t)’ ^^(0 = 1-/ T+((7 - r) d(T. 

do 
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By Proposition 13.71 


0= / a(x,u'^ (r, x), z)ip{r,x, z) dx 

Js.'^ 


/R'i 


Dr,zU^{t, x)dt^p{t, X, z) dxdt 


/R<i 


x))Dr,zU'^{t, x) ■ V(/3(t, X, z) dxdt 


+ e 


/R<i 


Dr,zU^(t, x)Aip{t, x, z) dxdt 


/ / d 2 (T{x,u‘^{t,x),z')Dr^zU‘^{t,x)(p{t,X,z)dxW{dz',dt), 

Jz Js.'^ 


dr (§1 dfiCSi dP-almost all (r, z, w). Note that 

dMt,x,z) = -'i>{x,z)(j){x)J+{t- r). 
Taking expectations and integrating in z we obtain 
rT 

!Z Jr JS.'^ 

■ eE 


Tro{'i>) = E 


Iff f{u^{t,x))Dr-,zU^t,x)-\7{'it(j))^ro,r(.t)dxdtdfi{z) 
Jz Jr JR'^ 


III Dr,z'u‘^{t,x)A{^(j))^ro,r{t)dxdtd^{z) 
JZ Jr Jr^ 


As limf.o 4 ,o ^ro,r{t) = 0 for all t > r, it follows by the dominated convergence theorem 
that limro 4 ,o 7^^ (T) = 0. □ 


4. Existence of entropy solutions 
We will now prove the existence entropy solutions, as dehned in Section!^ 

Theorem 4.1. Fix ^ G 91 and 2 < p < oo. Suppose G ^o, P', </>)), 

and ( |A/[ ) and dXl ) hold. Then the generalized limit u = lim£j,Q of the viscous 
approximations (EH) is a Young measure-valued entropy solution of CH) in the 
sense of Definition \2.‘A Moreover, u G x [0,T];LP(]R^ x [0,1], (^)). 


The bounds in Proposition 13.51 blow up as e | 0. Below we establish bounds that 
are independent of the regularization parameter e > 0. 


Lemma 4.2 (Uniform bounds). Suppose [Af) and JAgP hold, and belongs to 
LP{n, .^ 0 , P; cj})) for some even number p > 2 and (/) G 91. Then there exists 

a constant C, depending on u^, f,a,p,T,(j) but not on e, such that 


(4.1) 


E 




p 

p,<P 


<C, 


tG [0,T]. 


Proof. Suppose u^,f,a satisfy the assumptions of Proposition UTKl for joj < 2. In 
view of Proposition l3.41 the general result follows by approximation. Set (fs = ■ 

By Lemma Em there is a constant Cs satisfying [A^^j < By Proposition 13.51 

is a strong solution of (EH). Hence we may apply Ito’s formula to the function 
S{u) = juj^, cf. Step 2 in the upcoming proof of Theorem 14.II After multplying by 
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(ps and integrating the result in x, 


,0||P 

Ip,0a 


— p / ^ sign {u'^{s,x)) {V ■ f{u'^{s,x)) — £Au‘^{s,x)) (psix) dxds 

Jo Js.‘‘ 

+ p / / / |u®(s,a;)|^ ^ sign (m'^(s, x)) cr(x, x), z)(^5(a;) da;M^((is, dz) 

Jo Jz JRd 

~i-\p{p—^) [ [ f a'^{x,u^{s,x),z)ps{x)dp{z)dxds. 

2 Jo Jk^ Jz 

Let q{u) = p Jq \z\^~^ sign (z) df{z) dz and note that by {"XJ), 


( 4 . 2 ) 


\q{u)\ = 


PU 

/ p|z|^"^sign(z)( 9 /(z)dz 
Jo 


< ll/lluip 1^1' 


It follows that q{u‘^{t))ps S L^(n; K.*^)) for 0 < t < T. 

By the chain rule and integration by parts, 

Ti ■= f f p\u'^{s,x)\^~^ sign{u'^{s,x))'V ■ f{u'^{s,x))psix) dxds 
Jo Jr‘‘ 

= / dq{u^{s,x)) ■'Vu^{s,x)psix) dxds 

Jo dR<i 

= — / / q{u^{s, x)) ■ \7ps{x) dxds. 

Jo Jr'^ 

By (14.211 and the fact that ps G fH, 

|ri|<c^||/|lLip ds. 

Jo 

Again by the chain rule and integration by parts, 

T 2 '■=£ / / p\u‘^{s,x)\^~^ sign {u'^{s,x)) Au'^{s,x)ps{x) dxds 

Jo Jr'^ 

= — £p{p — 1) f f |u^(s,x)|^ ^ |Vm®(s, x)|^ (/)5(x) dxds 
Jo Jr'^ 

: / / p |u'^(s, sign (it^(s, x)) V'u^(s, x) • V 05 (x) dxds 

Jo dRd 


— £ 


= — £p{p—l) J I |lt®(s,x)|^ ^ |Vu^(s, x)|^ ())5(x) dxds 

rt 


+ £ 


0 Jr'^ 


u^{s, x)t Aps{x) dxds. 


Hence, 


\T2\<Cs£[ |K(s)||^^^ ds. 

Finally, by assumption ( |ylq^[ ), 

J 3 -=^P{p- 0 [ [ \'>^''is,x)f~'^ f a^{x,u''{s,x),z)ps{x)dp{z)dxds 
z Jo jRd Jz 

<lpip-0\\M\\l2,z) [ f \u‘^{s,x)\^~^ {l + \u'^{s,x)\fps{x)dxds 

2 Jo JRd 

<p{p-l)\\M\\l2^z)(^J^ ds + l|w^(s)llp.,^, ■ 
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After taking expectations and summarizing our findings, we arrive at 






P 


E 

ll«"Wllp.05 

< E 

II 0||P 

. 4 . 

II lip,05 

+ pip- 1 ) I|a^IIl 2 (z) / E 

'J 0 



C2 




iLip 


+ eCs+pip-l)\\M\\^^^z)) / E ||u''(s 


IP 

Ip.05 


ds. 


Cl 


and hence, appealing to Gronwall’s inequality, 


E 


ll“^WIIp.05 


< C 2 (1 + . 


Observe that the result holds for p if it also holds for p — 2 , as long as vP belongs 
to LP{^]LP{W^,(j) 5 )). For this reason, (14.11) follows by induction for (j) = (j)s. The 
bound (14.11) follows (for (p = (p) hy Lemma 16.51 (ii). □ 


Remark 4.1. In the forgoing proof, it is certainly possible to apply the Burkholder- 
Davis-Gundy inequality, resulting in the improvement 


E 


sup 

0<t<T 




<C, 


for some constant C independent of e. 


Proof of Theorem EH We divide the proof into two main steps. 

Step 1 (convergence). We apply Theorem 16.91 to the viscous approximation 
on the measure space 

{X, £/, fi) = X IIt, (Si , dP (S dt(S p{x)dx). 

By Lemma [4.21 


sup < E 
e>0 L 



x)\^ p{x) dxdt 


< 00 , 


so we may take C(C) = ■ It follows that there exists a subsequence 4 - 0 and a 

Young measure v = vt,x,uj such that for any Caratheodory function %p = tp^u, t, x, oj) 
satisfying 

ip{u^’‘{-), •) ^ '(/'(■) weakly in L^{Pl x Bt), 

we have 

(4.3) tp{t,x,uj)= / tp{^,t,x,uj) dixt^x.uiiO = / 'f’iu{t,x,a,uj),t,x,uj) da. 

Jr Jo 


Here u{t,x, -, 00 ) is defined through (12. 6 L i.e., 

u{t, X, a, w) = inf e R : nt,x,uj{{-oo, ^]) > a} . 


We want to show that the limit u is measurable, i.e., that it has a version u such 
that for any /3 € R, 

Bjs = {(t, X, a, uj) : u{t, x,a,uj) > (3} € (S Pd (R"^) ® Pd ([0,1]). 

Note that 


u{t,x,a,uj) > /3 inf {p't,x.c^((-oo, C]) > a} > /3 P't.x.c^((-oo,/3]) < a. 

By definition of the Young measure we pick a version (not relabeled) such that, 
the mapping {t,x,uj) i-A iyt,x,ui{{—oo, ft]) is ® (R'^)-measurable. Furthermore, 
if it were finitely valued it would be clear that Bp is in the product topology, i.e.. 
Bp € ^ ® .Pd (Ht) ® Pd {[0,\]). Hence, the result follows upon approximation by 
simple functions m Example 5.3.1]. 
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Let US show that u S LP([0,T] x x [0,1],^)). That is, 


(4.4) 


E 




\u{t, X, a)|^ (/)(x) dadxdt 


< oo. 


Let 'll! € be supported in (—1,1) and satisfy 0 < < 1,'0(O) = 1. Take 

iPr{u) = tp{u/R). It follows that liinfl;_>±oo ■*/'r(w) = 1 for each m € R. Moreover, 
with SrIu) = |u|^ tpR{u), note that Sr{u) t 1^1^ fo'' fol u £ R- Since Sr is compactly 
supported it follows that {<S'fl(u®)}^^g is uniformly integrable on X. By Theorem 
16.101 there is a subsequence ek{j) i 0 (denoted by Sj) and a limit ili such that 
Sr{u^^) Ip (weakly) in L^(f2 x IIt), where the weak limit ip can be expressed in 
terms of the Young measure, cf. 631)- For this reason. 


E 


f nT 0 
= lim E 

j^oo 


// / SR{u{t,x,a))(p{x) dadxdt 

J J II7-' J 0 

// Sr{u^^ {t,x))(p{x) dxdt 

J JTl’j' 

II \u^{t,x)\^ (p{.^)dxdt 
J J nT" 


< lim sup E 


< c 


(by Lemma Sm, 


for some constant C independent of R. The claim (lOl) follows upon sending 
i? —>■ 00 , applying the monotone convergence theorem. 

Ste'p 2 (entropy condition). Let us for the moment assume that /, ct, satisfy the 
assumptions of Proposition[33] for all multiindices |q;| < 2. Fix an entropy/entropy- 
flux pair {S,Q) in S', a nonnegative test function ip G C^{[0,T) x R), and a 
random variable V G S. The goal is to show that the limit u from Step 1 satisfies 
3;(Ent[(,S,Q),¥>,Y])(u)>0. 

By Proposition 13.51 u® is a strong solution of (13.11) . Indeed, consider the weak 
form (El, integrate by parts (cf. Proposition l3.5ll . and use a (separating) countable 
subset {pn}n>i C C'“(R‘^) of test functions, to arrive at 


u’^it, x) 


M°(a:) + I eAu'^{s,x)— X ■ f{u'^{s,x))ds 

Jo 

+ / cr{x,u^{s,x),z)W{ds,dz), 

Jo Jz 


dx (g) dP-almost surely. 


Next, we apply the anticipating Ito formula (Theorem 16.7p . for fixed x G R'^, 
to Xt = u^(t,x) and F{X,V,t) = S{X — V)‘p{t,x). This yields, after taking 
expectations and integrating in x, 


Q = E 


+ E 

-E 

+ E 

- E 




S{u° — P)(/9(0) dx 

11 S{u^{t) — V)dtp{t) dxdt 

II V • f{u^{t))S'{u^{t) — V)(p{t) dxdt 

£ 11 Au^{t)S' {u^{t) — V)(p{t) dxdt 

J J 

II I S''{u^{t) — V)ip{t)a{x,u^(t),z)Dt^zVdp{z)dxdt 
II I S”{u‘^{t) — V)ip(t)(j{x, u^{t),zY dfj,{z) dxdt 

J JYI.'t' JZ 


(4.5) 
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where Dt^zV is the Malliavin derivative of V at {t,z). By the chain rule and 
integration by parts, 

£ [[ Au^{t)S'{u^{t) — V)(f{t) dxdt = £ f f S{u^{t) — V)Aip{t) dxdt 

J J J J Ilf 

—£ f f S"{u^{t)— V)\\7u^{t)f ip{t)dxdt. 

J Jut 


<0 


It follows from (0^ that 


E 


(4.6) 


/R'i 
+ E 

-E 


S{u^{x) — V)(p{0, x) dx 


/ / x) — V)dt(p(t, x) + Q(u‘^(t, x), V) ■ y(p{t, x) dxdt 

JJBt'---' '-V-' 

'4>i{u^,‘) 'tp2{u^ r) 

// S”{u^{t,x) — V) / a{x,u^{t,x),z)Dt^zVdfj,{z)ip{t,x) dxdt 

J J rif J z 






■ eE 


// S”(u^{t,x) — V) / cr'^{x,u^(t,x), z) dii{z)ip(t,x) dxdt 

JJ nf J z 


V’4(u',-) 


// S{u^{t,x) — V)Aip{t,x) dxdt 

J J nf 


> 0 . 


At this point we may apply Proposition 13.41 to relax the assumptions on /, tr, to 
the ones listed in Theorem 14.11 leaving the details to the reader. 

Next, we wish to send e 4- 0 in (14.61) : expressing the limits in terms of the function 
u obtained in Step 1. Obviously, 


lim£’ 

£4-0 


// S{u^{t,x) — V)Aip{t,x) dxdt 

J J Ilf 


= 0 . 


For the remaining terms, it suffices by Step 1 and the upcoming Theorem 16.101 
to show that is uniformly integrable (i = 1,2,3,4). In view of 

Lemma Ib.lll iil. we must show that 


(4.7) sup A 
£>0 


As S' is in (f and ip € C^iJlT), 


// \4>i{u‘^{t,x)^t,x)(l) ^{x)'^ (l){x)dxdt 

J J Ilf 


< oo, 1 = 1,2, 3,4. 


\il)i(pf{t,x),t,x)(j) ^{x)\ = \S{jf{t,x)— V)dtip{t,x)(j) ^(x)| 

<2|is||Lp||at^(t)IL,^-4(|«^(t,x)|V|Fr). 

So (14.71) , with i = 1 , follows from Lemma 14.21 The term in (HU) involving ■!/)2 is 
treated in the same way. 

Consider the term involving the Malliavin derivative, namely ips. By dXI , 

f. 2 

^ cr(a:, u^{t, x),z)Dt,zV dn{z) < ||M||^2(2) 11^1^11^2(2) (1 + 2:)|)^. 

Recall that V is uniformly bounded and also that supp (S") C {—R, R) for some 
R < oo. Hence, 

S"{u^ - H)(l + |«^|) < ||S"|L (1 + ^ + Halloo)- 
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Consequently, 


E 


// |^3(u^(t, x), a;)(^ ^{x)\^ (l){x)dxdt 

J 

< ii*5"iiL \mi.^z) (1+^+ii^iioof ii^iiL,0- E 


\DtV\\ 


LHZ) 


dt 


UWl^ 


Li(R‘i) 


and (1121) holds with i = 3. 

Consider the ■!/) 4 -terni. By (H3), 

S”{u^ - V) a^{x, z) d^i{z) < I15"|loo WMfmz) (1 + ^ + Halloo)"- 

Hence 


E // \ip 4 {u‘^{t,x),t,x)(l) ^ {x)\'^ (j){x) dxdt 

_J J nT-- 

<ll^"llLll^ll™(l+^+riloo)"ll‘^llL, 0 - //^ <^{x)dxdt. 

Summarizing, upon sending e j, 0 along a subsequence, it follows that 
3^(Ent[(,S,Q),^,H])(u)>0, 


where u is the process defined in Step 1. Finally, the result follows for general 
V G by the density of 5 C and Lemma [211 D 


5. Uniqueness of entropy solutions 


To prove the uniqueness of Young measure-valued entropy solutions, we need an 
additional assumption on a: there exists M G L^{Z) and 0 < k < 1/2 such that 

(Aa.i) \a{x,u,z) - a{y,u,z)\ < M{z) |x - (1 -h lul), 


for X, y G and u G K. Actually, it suffices that the criterion is satisfied locally, 
i.e., for each compact AT C x there exists M = Mk such that {Ao-.i I is 
satisfied for all (x, y) G K. 


Theorem 5.1. Fix (j) £ and supposevP £ Assume that 


assumptions (AJ), QAcrD , ( jAp-.i I are satisfied. Let u be the Young measure-valued 
entropy solution to (El with initial condition obtained in Theorem |/.i[ and 
let V be any Young measure-valued entropy solution with initial condition vPin the 
sense of DeRnition \2.‘A Then 


u{t,x,a) =u(t,x,/3), {t,x,a, /3,uj)-almost everywhere. 

Consequently, u := u da is the unique entropy solution to HU in the sense of 
Definition \2. 11 


The proof is found at the end of this section. As discussed in the introduction, 
due to the lack of Malliavin differentiability at the hyperbolic level, the uniqueness 
argument will invoke the viscous approximations and their limit taken in the weak 
sense of Young measures. 

Retracing the proof of Theorem l5.ll making some small modifications, we obtain 
the following spatial regularity result: 


Proposition 5.2 (Spatial regularity). Fix (f £ 'JC, and suppose u" belongs to 

Under assumptions [Aq], ( jAg-D , and {Aa,i ) the entropy 
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solution U to (HH) satisfies 


E 


JJ \u{t,X + z) — u{t, X — z) \ (j){x)Jr{z) dxdz 

U^{x + z) — U^{x — z) \ <j){x)Jr{z) dxdz 


R'^xR'^ 


< CE 


R'^xR'^ 


+ Oin, 


where the constant C depends only on <^ 0 , H/Hlip > ^ exponent from 

assumption (Aa-,i I- If cr is independent of x, i.e., a(x,u,z) = a{u,z), then the last 


term on the right vanishes, i.e., O(-) = 0 . 

See [m H] for similar results, and how to turn this result into a fractional BV 
estimate. The proof of Proposition 15.21 is found at the very end of this section. 

The next lemma contains the “entropy condition” at the parabolic level, which 
is utilized later in the uniqueness proof. 

Lemma 5.3. For each fixed e > 0, let u® be the solution of (EH). Suppose V G 
is -measurable for some s € (0,T), and 0 < (/? € C'“([0,T) x with 
supp((/j) C (syT) X Then 


E 


ff S{u^ — V)dtg:>Q{u^,V) ■ \7(pdxdt 

J J Hr 

jj I S''{u^— V)a{x,u’^,z)‘^ip{t,x)dp.{z)dxdt 
J J YV'j' J Z 

f ( S{u^{t) — dxdt 

J 




-eE 

for any entropy/entropy-flux pair {S,Q) in S'. 

Proof. Consider (14.61) . Note that for any V G that is .^s-measurable. 


E 


rix J z 


S"{pf{f) — V)a{x, u'^{t),z)Dt^zV(p{t) dp.(z) dxdt 


= 0 , 


thanks to EZl Proposition 1.2.8]. The general result follows by approximation as 
in Lemma O □ 

The following “doubling of variables” lemma is at the heart of the matter. To 
some extent it may be instructive to compare its proof with the rather involved 
computations in [T71 Lemma 3.2] and El Section 4.1]. 


Lemma 5.4. Suppose (I^), ((^Tj) hold. Fix <f) G‘Tl, and let be a sequence 

of viscous approximations with initial condition G Let 

V be a Young measure-valued entropy solution in the sense of Definition \2.Si with 
initial condition G .^q, P] L^(W^,(f>)). 

For any 0 < 7 < take to G (0,T — 27 ] and define 

^7,to (0 ^ ^J ^0) 

Jo 

Let ip G Cf°(R'^) be non-negative and define 


(p{t,x,s,y) = ) Jr 


x-y 




Let Ss be a function satisfying 

^^(cr) = 2 / Js{z)dz, 55 ( 0 ) = 0. 

Jo 
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Furthermore, define 


Qs{u,c) = J^ S'siz - c)f{z)dz, 


and note that the pair {Ss,Qs) belongs to S'. 
Then 


(5.1) 

where 

L = E 


L > R F Ti T 2 T 3 , 


[[ f Ss{v°{y) - u^t,x))ip{t,x,0,y)dydxdt 
J J Yl'x’ 


R = -E 

F = -E 

Ti = -Ie 

T2 = E 
Ta = -eE 


ni J[o.i] 


Ss{v - u^){dB + dt)ipdl3dX 


/ Qs{u^,v)-Voo^p + QsivyU^)-XyipdfdX 

ni J[o.i] 

[ [ Sg{v - u'^){a{y,v,z) - a{x,u'^ ,z)f (pdy{z)dl3dX 

J[ 0 , 1 ] Jz 

[ [ Sg{v - u^){Ds,zU^ - (t{x,u^ ,z))a{y,v,z)ipdyL{z)df}dX 

Jfo.ll Jz 


nlJ[o,i]Jz 


ni J[o.i] 


Ss{u^ — v)Ax(fdfidX 


where dX = dxdtdyds. 

Remark 5.1. In |171 Section 4.6] the authors prove existence of a strong entropy 
solution. The additional condition attached to the notion of strong solution stems 
from the difficulties in sending e J, 0 before tq i 0. In our setting, the existence of 
a strong entropy solution amounts to showing that we can send tq 0 and e J, 0 
simultaneously in such a way that lim(E 72 = 0. This requires a careful study 

of how the continuity properties of (Id 1511 depends on e, cf. Lemma [HUl We do not 
proceed along this path in this paper, instead we let tq 0 before e | 0 as in [3]. 

Proof. Recall that supp(J+) C (0,2ro), so J^g{t — s) is zero whenever s > t. 
Applying Lemma 15.31 with V = v{s, y, /3) and integrating in y, s, ft, we obtain 


(5.2) 



I f Sg{u^ — v)a{x,u^,z)'^(fdy{z)dpdX 

/n|, 7[o.i] Jz 


nf d[o,i] 


Ss{u'^ — v)AxP> dfdX 


- eE 
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Similarly, in the entropy inequality for v = v{s,y,/3) we take V = u^(t,x) and 
integrate in t,x, resulting in 


E 


+ E 


(5.3) 


/ Ss{v — u^)ds^p + Qs{v,u^)-SIyipdfidX 
n|, J[o,i] 

/ Ss{v°{y) - u^{t, x))(p{t, X, 0, y) dydxdt 


YI-t < 



S'^(v — u^)Ds^zU^a{y, v, z)ip dy[z) d^dX 
Sg {v — u^)a{y, V, z^ip dfx{z)dl3dX 
The result follows by addiirg (lElI) arrd dESl). 


□ 


Proposition 5.5 (Kato inequality). Fix cj) € ill. Suppose (I^l, ( |-4 (tD , and {Aa,i 
hold. Letu be the Young measure-valued limit of the viscous approximations {rt^y 


e>0 


with initial condition L^{W^,(j))), constructed in Theorem \4-.l\ Let 

V be a Young measure-valued entropy solution in the sense of Definition \2.2i with 
initial condition G Then, for almost all to G (0,T) and 

any non-negative if G C° 


E 


/ / \u{to, X, a) — v{to, X, /3)| if{x) dadfidx 
ddfo.rP 


/K'^ [o,r] 


(5.4) 


<E / \u^{x) — v°{x)\ip{x) dx 


E 


[ [ [[ sign{u{t,x,a)-v{t,x,P)) 

Jo dR'idd[0,l]2 

X {f{u{t, X, a)) — f{v{t, X, fJ))) ■ Vif{x) dfJdadxdt 


Proof. Starting off from (EH), we send tq and e to zero (in that order). Next, we 
send {S,r) to (0,0) simultaneously. In view of Limits [3] and HI we let 6{r) = 
with 0 < ?7 < 2k — 1. Finally, we send 7^0. We arrive at the Kato inequality (15.41) 
thanks to the upcoming Limits [T]ini □ 

Remark 5.2. Later we will make repeated use of two elementary identities. Set 

Then note that = '0 * Jr- Indeed, making the change of variable z = {x + y)/2, 
it follows that {x — y)/2 = x — z and dy = 2‘^dz. Next, consider the change of 
variables 

Hx,y)=(^,^)=iS:,z). 


By the change of variables formula 

// gix,z)dS:dz= g{<^{x,y)) \det{d^{x,y))\ dxdy, 
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for any measurable function ^ computation yields |det(9<i)(a;,?/))| = 1/2'^. 

It follows that 


1 

¥ 


( ^- 17 -^ 1 dxdy 




g(4>(x.y)) 

h{x + z,x — z)ip{x)Jr{z) dxdz, 

g{x,z) 


for any measurable function h(-, •). Most of the time we drop the tilde and write x 
instead of x. 


Limit 1. With L dehned in Lemma 15.41 

lim L = Li // Ssiv^{x — z) — u^{x + z))'ip{x)Jr{z)dxdz 
’’ofo U 

If 5 = S{r) is a nondecreasing function satisfying S{r) I 0 as r J, 0, then 


lim L = E 

7,(i5,r),£,ro4.0 




1,-0 


Proof. Note that 


(5.5) 


\Ss{b) - Ss{a)\ = 


Ss{z)dz 


< \b — a\. 


Furthermore, observe that = 1 whenever t < to- Hence, due to Remark l5.2l 


L-E 

< E 


0, ^ ^ u. I ^ + y\ r I ^-y 


/ Ssiv^{y)-u'^ix))^f; 

R'i JR<1 Z \ Z 


dxdy 


[j |'U°(x) — U^{t, x)| -k Jr){x) dxdt 

J J ri-j-- 


whenever 2ro < to- Arguing as in Lemma 12.31 for the viscous approximation, it 
follows that 


lim L = E 

rotO 

= E 


^ ~ u°{x))tp Jr ) dxdy 

/ / Ss{v^{x — z) — u^{x + z))if{x)Jr{z) dxdz 
J Js .'^ xR '^ 


This proves the first limit. The second limit follows by the dominated convergence 
theorem and Lemma l6.II □ 

Remark 5.3. To establish Limits [2] and |3] we need to send e 4- 0 in terms of the form 


E 


4'(u^(t,a;,a;),t,x,y,/3,a;) 


x + y\ I d/3dyctxdt 


nTXR‘^x[0.1] 


dr},),,, 


where di is continuous in the first variable. Essentially we proceed as in the proof of 
Theorem 14.11 but now the underlying measure space is Hr x x [0,1] x fl instead 
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of nr X O. By Lemma 1?^ and Remark 15.21 


sup < E 
e>o y 


IIt X [0,1] 


\u^{t,x)f dr]^j 


= sup < E 

e>0 


dt I 


< oo. 


By Theorem 16.91 there exists v G yM (Hr x x [0,1] x fi) such that whenever 
^ 'k (weakly) along some subsequence in L^(nr xR'^x [0,1] xfl, 

^ = / 'i’{i,t,x,y,P,u})diyt,x,Lj{0 = / x, a, w), t, x, y,/3, w) da, 

JR Jo 

where u is defined through (EH). The fact that i't,x,y,/ 3 ,uj = comes out since 

the limit is independent of j/, /3 when 'k is independent of y, (d. For measurability 
considerations, see Step 1 in proof of Theorem l4.ll 

Limit 2. With R defined in Lemma EH 


lim R = E 

■y,e,rolO 


Ss{v{to,x — z,l3) — u{to,x + z, a))4’ix)Jr{z) dadjddxdz 




for dt-a.a. to S [0,T]. If d = 5{r) is a nondecreasing function satisfying 5{r) I 0 as 
r 0, then 


lim R = E 
-f,{S,r),e,rol0 


/ / |'y(io, X, jd) — u{to, X, a)| tjj{x) dadpdx 

' d Jro.iP 


Js.<‘ 9 J[0,l]2 

for dt-a.a. to S [0, T]. 

Proof. Since dtJfg(t - s) = -dsJf^it - s) and - to), 

{ds + dt)ip{t,x,s,y) = (“T^) Ji).t-to)J+{t- s). 

It follows that 


R = E 


1 


[ Ss{v - u'')ip 


n|, 9 [ 0 , 1 ] 


x+y\ Ix-y 

Jn 


2 J \ 2 
X Jr!"(t — tQ)jf (t — s) dfd dX 


Thanks to 

\Ss{v - 1x^)1 < |i;| + , 

we can apply the dominated convergence theorem and Lemma 16.21 resulting in 


lim R = E 

rolO 


JJJJ Ss{v{t,y,P) -u‘'{t,x))J+{t-to){'ilj(j) 


^ (~T^) 
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By Lemma fe.llf ii). is uniformly integrable, and so, cf. Theorem 16.101 

we can extract a weakly convergent subsequence. By Remarks 15.111 and 15.21 


lim R = E 

e,roiO 


ff f ff Ss{v{t,y,l3) - u{t,x,a))J+{t-to) 
J Jht J J[o,ip 


^ ^ dad/Sdydxdt 


= E 


Ht JR'^ J J [0,1]^ 


Ss{v{t, X - z,l3) - u{t, x + z, a)) 


X Jt{t — to)ilj{x)Jr{z) dadpdzdxdt 


Note that 


\Ss{a — b) — Ss{c — d)| < |6 — c!| + |a — c|, a, 6 , c, d G R. 


Applying this inequality and Lemma 16.21 we can send 7 J, 0 to obtain the first 
inequality. To send (d, r) | (0, 0) we apply the dominated convergence theorem and 
Lemma ISTTl yielding 


lim R = E 

r,€,rQ^0 


// // \v{t,x, P) — u{t,x,a)\tj}{x)J^ {t — to) dadid dxdt 

J JYIt" 'J 


/Ht ^ 

To send 7 I 0 we apply LemmaThis provides the second limit. 
Limit 3. With F defined in Lemma EH 

lo 


□ 


( 5 . 6 ) lim F = E 

-f,e,roiO 


Sg{u{t, x + Z,a) - v{t, X - z,j3)) 


R‘*xR‘^x[0,l]2 

X {f(u(t, X + z^ a)) — f{v{t, X — z, jd))) ■ 'Vtjj{x)Jr{z) dadjddxdzdt 


+ ois + 


If S : [0, 00 ) —>■ [0, 00 ) satisfy limr_).o = 0, then 

pto 


(5.7) lim F = -E 

7 , 7 -,£, 7 - 04-0 


[ f ff sign {u{t,x, a)-v{t,x,P)) 

Jo dR‘*dd[ 0 ,l ]2 

X {f{u{t, x,a)) — f{v(t, X, /?))) • V\jj{x) dad/ddxdt 


Proof. Using integration by parts, 

Q 5 iu^,v) = Sg{u'^ - v){f{u'^) - f{v)) - / Sg{z - v){f{z) - f{v))dz 

J V 


Qs{v, = S'siv- u^){f{v) - f{u^)) - / Sg {z - u^){f{z) - f{u^)) dz. 


and 
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Due to the symmetry of Ss, 

/ Qs{u^,v)-^ 00 ^^ + Qsiv,u^)-yyfdpdX 

J[o,i] 

[ S'siu^ - v){f{u^) - f{v)) ■ (V, + Xy)ip dpdX 
Jlo.l] 



/nl J[o,i] 



where dX = dxdtdyds as in Lemma 15.41 Note that 


(5.8) 


PU 

/ Ss{z-v){f{z)- f{v))dz 

J V 


<ll/llLip^> u,v£R. 


To see this, recall that Sg{cr) = 2Js{cr). By (35/^ 


PU 

/ Ss{z-v){f{z)- f{v))dz 

J V 

and letting ^ = |z — vj /S, 

sign {u — v) / Js{z — v)\z — v\ dz = 5 

Jv Jo 


< 2 WfWup sign {u-v) / Js{z -v)\z-v\ dz, 


(5 ^|Li —u| 




In view of (15.811 . it is clear that 

F2<\\f\\upd 




|Va;V?| dX. 


A computation shows || Vv3||^i(n2 ^ < C(1 + r ^), for some constant C depending 
only on J,T,ip. Consequently, 


F2<C\\f\\^,^Sil + 


The same type of estimate applies to F 3 . 
Let us consider Fi. Observe that 


+ ^yMt, X, S, y) = Jr ^7.to “ s)- 


For d > 0, define 

Fsia, b) := S's{a - 6)(/(a) - /(&)), a, 6 S K, 

and note that {t,h) i-A Fs{u^{t,x),b) obeys the hypotheses of Lemma 1^3^ By the 
dominated convergence theorem and Lemma 16.21 


lim F\ = E 

I’D 40 


Ht •IR'^ -^[ 0 , 1 ] 


Fs{u'^{t,x),v{t,y,/3)) ■ C 


x + y 


?7.to (0 


X ^ 


x-y 


dpdydxdt 
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where ((x) = (j) The uniform integrability of •)}e>o follows 

thanks to Lemma 15. llf ii'). Indeed, |C| < and |z;)! < ||/||Lip — v|, so 

<2Cl\\f\\l,^m^ + \v\\ 

By Theorem 16. 101 and Remark 15.31 


lim Fi = E 

6:,ro4'0 


// / // ^s{u{t,x,a),v{t,y,^)) 

J Jut ■Ir'* J 


■ ^'^4’ ( ) C 7 ,to (0 dadpdydxdt 


'[ 0 . 1 ] 

1 

¥ 

along a subsequence. Sending 7 0, applying Remark 15.21 yields (15.6|) . 

Next we want to prove dsa). To send r | 0 we apply Lemma 16.11 It is easily 
verified that condition (i) and (iii) are satisfied with Fs = J-s- Consider condition 
(ii). Since Sg{—a) = —Sg{<T) for all cr € K, it follows that 

Fs{a, h) - Fs{a, c) = Ss{b - a){f{b) - f{a)) - Ss{c- a){f{c) - f{a)) 

= f d^{Ss{z-a){f{z)-f{a)))dz 
Jb 

= f Sg{z-a){f{z)-f{a)))dz+ [ Sg{z - a)f {z) dz, 

Jb Jb 

for a, 6 , c € K. By (|5.8I) , 

/ Sg{z-a){f{z)-f{a)))dz 
Jb 


\Fg{a,b) - Fg[a,c) \ < 


Ss(z - a)f'(z)dz 


<ll/llLip25 


^ll/lhiplb-d 


This and the symmetry of Fg, i.e., Fg(a, b) = Fg{b, a) for a, 6 £ R, yields condition 
(ii). Hence, by Lemma l 6 .11 


lim Fi = E 

{6,r),e,ro^O 


// // sign{u{t,x,a)-v(t,x,P)) 

J JTIt 


>Y\.t [0,1] 

X X, a)) — f{v{t, X, /3))) • Vil^{x)(j^to (t) djJdadxdt 


At long last. Limit (15.71) follows by sending 7 4 . 0. 


□ 


Limit 4. Suppose assumptions ( |A(t.i[ ) and \Aa \ hold. With 7i defined in Lemma lOl 

„2«;+l 

^ + <51. 


Ti = 0 

If a is independent of x, i.e., cr(x, u, z) = <j(u, z), then 7i = 
Proof. By assumption {Aa-.i ) and dXI ), 


\a{y,v,z) — a{x, u'^, z)\ < M{z) \y — x^ {1 + \u‘^\) + M{z) \v — u'^\. 






















42 


K. H. KARLSEN AND E. B. STORR0STEN 


and thus 



n|, J[o,i] 


=:T^+T^. 

Since = 0 whenever \x — y\ > 2r, 

Moreover, as 


/ [ Ss{v - u^){a{y,v,z) - a{x,u‘',z)f (pdy{z)dl3dX 

Jfo.il Jz 

f Sg{v — u'^) \x — (1 + \u'^\)^ipd/ddX 

( S'^{v — u^)\v — p d(d dX 

Jfo.il 


/n|, J[o,i] 


„ 2 k +1 


E 




(1 + \u^\) pdX 


E 




(1 + \u^\) pdX 


< / E 

Jo 


111 + ^'"( 0112 , 


dt, 


there is a constant C > 0, independent of ro,e,S,j,r, such that Ti < Cr'^'^^^5 
Regarding the second term Ti, observe that 

Ss{v - u^) |v - = Js{v - u^) \v - u’^f < 2 II J||^ 6. 

Hence, Ti^ < (52||J||^ I|1 ^IIl2 (2) ||</3||^i(n|) • Regarding the case cr(a;, u, z) = a{u,z), 
observe that Ti = 0. □ 

Let us consider the term involving the Malliavin derivative. 

Limit 5. With 72 defined in Lemma [5TH 


lim 72 = 0. 

roiO 


Proof. Let us split T 2 as follows: 
T2=E 


nJ, 


E 


E 


[ [ Ss{v - u^s,x))(Ds^zum,x) - a{x,u^{s,x),z) 

J[ 0 ,i]Jz \ 

X a{y,v, z)p dp{z)dfddX 

[ [ (ss{v-u^{t,x))-Ss{v-u%s,x))) 

7[o,i] Jz \ J 

X Ds^zU^{t,x)a{y,v, z)p dy.{z)dl 3 dX 
/ / S'f{v — u^{s,x))i a{x,u^{s,x),z) — a{x,u^{t,x),z) 

J[o,i] Jz \ 

X a{y,v, z)p diJ,{z)d/ 3 dX 
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=-.Ti + Ti + + 


X cr{x,u‘^, z)a{y,v, z)(f dfj,{z)dl3dX 


Consider T 2 ■ We want to apply Lemma [321 for fixed {s,y,f3) with 


'i’s,y,i3ix,z) = Ss{v - u%s,x))a{y,v,z), 


(pyix) 




Then 

^ ff f 'T'ro{^s,y,p)dl3dsdy. 
j j ri-j- J 0 

By means of Lemma 1321 limr(, 4 ,o %■„ = 0 dsdydjd-a.e., and so liniroto 7^^ = 0 

by the dominated convergence theorem. To this end, in view of (13.251) . there exists 
a constant C, not depending on ro, such that 


\%oi'^s,y,l3)f [[ \'Ss,y,l3{x,z)f Cl)y{x)dxdfl{z) 

IJJZxR'^ 


<C^\\Sn\LE 


Uz 


W{y,y,z)\ {ijj-k Jr){y)dy.{z) 


< ll^^'IlL \\M\\l.^z)E[{l + \v\f{,l^*Jr)[y)\ . 


Due to the compact support of ijii! Jr, we see that \Ero{^s,y,p)\ is dominated by an 
integrable function. 

Let us consider 7j. Note that 


- u^it,x)) - S'siv - M®(s,a:))| 

< max |2 IIS '5 11 ^ , || 5'5 IIlip \u‘^{t,x) - u^(s,a;)||. 

'-V-' 


By Holder’s inequality, 


Ti<E 


n^, d[o.i] Jz 


'^'^{s,t,x) \a{y,v, z)\ ip dy,{z)dl3dX 


X E 
=: Fi X ¥2- 


nl J[o,i] JZ 


\Ds,zu'^{t,x)\^ p dy{z)dpdX 


1/2 


1/2 


By the uniform boundedness of iL we can apply the dominated convergence theorem 
and Lemma [621 to conclude that liniro^o Fi =0. It remains to show that IT 2 I < C, 
with C independent of tq > 0. We deduce easily 


pT pT 


E^ = 


< 


E 


/o ^0 

pT 


s)^j^tg(t)dsdt 
sup ^E I ds, 


/o tG( 0 .T] 


and so IF 2 I is uniformly bounded by (I3.16|) . 
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Consider T^- By Holder’s inequality and ( |y^gD i 

ir^^l <I|5 ^'IIooII^IIa^(z)^^ ////_ Jj^iy,v,z)\\d^iz)dpdx 


n|, d[o.i] Jz 


1/2 


X E 


|u^(s, x) — u^{t, x)\^ * Jr){x)J^ {t — s) dxdtds 


R‘^x[ 0 ,T ]2 


1/2 


By the dominated convergence theorem and Lemma |6.21 limro4,o7^^ = 0. 

The term 7^"* is treated in the same manner as 7^^, resulting in lim^oio = 0- ^ 


Limit 6. With Ts defined in Lemma [531 

% = 0{e). 

Proof. Note that 

\Ss{u‘' - v)X^Lp\ < (|u®| + |i;|) |Aa:(p|. 
Using this inequality, it follows from Lemma [4.21 that 


E 


Ssiu^ — v)Ax(pd/3dX 


/nl d[o.i] 

for some constant C > 0 independent of e and rg. 


<C, 


□ 


Having established Proposition [531 the proof of Theorem 15.II follows easily. 

Proof of Theorem \5. 1\ In the setting of Proposition 15.51 suppose = v^. Let 
be as in Lemma 1^751 and take = (fam. (15.41) . Exploiting that <j) belongs 
to 71, sending i? —>• oo yields 


d{h) < I 




iLip 


7(t) dt, 


where 

V{t) = E 


An application of Grbnwall’s inequality gives r]{t) = 0 for a.a. t G [0,T]. Hence 
u(t, X, a) = v(t, X, /3) (t, X, a, /3, w)-almost everywhere. □ 


\u{t, X, a) — v{t, X, /3)| (j){x) djddadx 




Proof of Provosition \5.‘A Let {4>R}fiyi be as in Lemma 16.61 and start off from 
Lemma EH with ip = (j)ji and . We then compute the limits rg 0, e 0, 

and 7 I 0 (in that order). Recall that by Theorem 15.11 v = u with u = limg^o w®. 
Furthermore, it is a solution according to Definition 12.11 Due to Limits [I]|n] we 
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arrive at the inequality 
(5.9) ^ 

JJ Ss{u^{x — z) — u°(x + z))(j)R[x)Jr{z) dxdz 


E 


■ R'^xR'^ 

> E 


R'^xR'^ 


JJ Ss{u{to, x — z) — u{to, X + z))(f>ii{x)Jr{z) dxdz 

'd 

I II + z) - - z)) 

R'^xR'i 

X X -\- z)) — f{u{t, X — z))) ■ y (f)R{x)Jr{z) dxdzdt 


( d 7 - 2 K +1 

+ 0 5 + - + ^— 

\ r 0 

where 0{-) is independent of R, cf. Limits [3] and 0] and Lemmas 16.51 and 
Note that 

|55((t) - |(t|| < (5, VaeK, 

and |V(/)| < C^cf). With the help of Lemma we can now send i? —>■ oo in (15.9|) . 
obtaining 


where 


r° ( d 

v{to) < ?7(0) + II/IIlip V{t) dt + 0\^d+- + — 

JJ \u{t, X — z) — u{t, X + z)\ (f){x)Jr{z) dxdz 


r](t) = E 

R'^xR'^ 

By Gronwall’s inequality. 


d{t) < ( 






Prescribing d = concludes the proof. Regarding the case a{x,u,z) = a{u,z), 
observe that by Limit 0] we may replace O ^<5 + ^ + j—^ by O {d + in the 
above argument. The result follows by letting i5 | 0. □ 


6. Appendix 

6.1. Some “doubling of variables” tools. 

Lemma 6.1. Suppose u,v G and satisfy: 

(i) There is T : —>• R such that Es ^ F pointwise as 5 0. 

(ii) There exists a constant C > 0 such that 

|p 5 (a, b) - Fs{c, d)| < Cda - c| + |5 - d| + d), 

for all a, 6, c, d G R and all d > 0. 

(hi) There is a constant C > 0 such that 

1 ^ 5 ( 0 , a)| < C{1 + |a|) for all d > 0. 
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Fix Ip € Cc 


Suppose 6 : [0,oo) —>■ [0,c») satisfies S{r) | 0 as r I 0. Set 


% := 


■= / / Ps{r){u{x),v{y))-^pj 

jRrf jR'i ^ 


x + y 




x-y 


dydx 


F{u{x), v{x))ip{x) dx. 


Then % ^ 0 as r I 0. 


Proof. Due to Remark 15.21 


% = 


/ / Fg(^^-^{u{x + z),v{x — z))lp{x) dx Jr{z) dz 

Jm.'i 


R'^ 


9s{z) 

F{u{x), v{x))ip{x) dx . 


9(0) 

Suppose for the moment that given a number e > 0, there exists two numbers 
r] = 77 (e) > 0 and i5 = i5o(e) >0 such that 


( 6 . 1 ) 


\gs{z) — 5 ( 0)1 < e, whenever \z\ < rj and S < Sq. 


The change of variables z = r(p yields 

\Tr\< ( \gs{z) - g{Q)\Jr{z)dz= ( \gs{rC) - g{0)\ J{C,) dtp. 

jR‘i JR‘7 

Fix e > 0, and pick 77 , Jq as dictated by dSH). Let ro > 0 satisfy tq < g and 
<5(?'o) < It follows by (16.11) that \Tro \ < e. Hence, 7)- J. 0 as r 0. 

Let us now prove (EH). By assumption (ii), 

\gs{z) — g{0)\ < C / \u{x + z) — u{x)\tp{x) dx + C / \v{x — z) — v{x)\'ip{x) dx 

jR'i Js.'i 

+ I \Fs{u{x),v{x)) - F{u{x),v{x))\ip{x)dx + CS\\ip\\^i,^ay 

jRrf 


Because of assumptions (i) and (iii), we can apply the dominated convergence 
theorem to conclude that 

lim / \Fs{u{x),v{x)) — F{u{x),v{x))\ip{x) dx = 0. 

5t0 Js.d 

It remains to show that 


( 6 . 2 ) lim / \u{x + z) — u{x)\ip{x) dx = 0. 

z^O Jjjd 

The term involving v follows by the same argument. Pick a compact iF C such 
that lj|z|<i supp {4’{- + z)) C K. Fix e > 0. By the density of continuous functions 
in L^{K), we can find w £ C{K) such that ||tc — 'a|| 2 ,i(R:) < £• Then 


fix + z) 


u{x)\tp{x)dx < 2 ||' 0 ||^e + 



w(a;)| ip{x) dx, 


for any \z\ < 1. Next we send 2 : —>■ 0. The claim (16.21) follows by the dominated 
convergence theorem and the arbitrariness of e > 0 . □ 


Lemma 6.2. Let v € LP([0,T]), 1 < p < 00 . Moreover, Let F" : [0, T] x R —>• R 6 e 
measurable in the first variable and Lipschitz in the second variable, 

|F"(s, a) — F{s, b)\ < C \a — b\, Va, 6 G R, Vs G [0, T], 
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for some constant C > 0. Set 


"^0 ('®) ~ 



|F(s,i;(t)) - J^(s,4;(s))|^ J+(t 



i/p 


Then Trgis) —>■ 0 ds-a.e. as rg 0. 


Proof. We can write v = + V 2 with continuous and IIlp([o t]) — 1/''^- 

This is possible since the continuous functions are dense in Lp([ 0,T]). Assuming 
s € [0, T — 2ro], an application of the triangle inequality gives 


\Tro{s)\<C - u(s)J+ {t - s) dt^ 

+ (Kr*^.oW)'/" + k2Wi. 


Sending tq i 0, it follows that limro4,o |7^o(®)l — 2|u2(s)| for ds-a.a.. s G [0,r). 
Since — >■ 0 in LP{[0,T]), it has a subsequence that converges ds-a.e., and this 
concludes the proof. □ 


6.2. Weighted spaces. First we make some elementary observations regarding 
functions in Tt (see Section [2] for the definition of fTl). 

Lemma 6.3. Suppose (f G'Tt and 0 < p < oo. Then, for x, z G 

0l/P(^ + z) - < WpM)cf^/Pix), 


where 

wp,^{r) = ^r{l + ^re^*^/A , 

P \ P J 

which is defined for all r > 0. As a consequence it follows that if (j){xo) = 0 for 
some xq G R'^, then (j) = 0 (and by definition (( ^“Tl). 

Proof Set 5 (A) = (fAl'^ix + Az). Then 

g'(X) = -(f)^^^~^{x + \z){y(j){x + Az) • z). 

P 

Since G Dd, it follows that | 5 '(A)| < ^g{\) |z|. Hence 

g{X) <g{Q) + — \z\ j giOdS,. 

P Jo 

By Gronwall’s inequality, 

5(A) <g(0) (^l + ^\z\XeXX/py 

Hence, 

|5(1) - 5(0)1 < ^ |z| 5(0) (l + ^\z\e^XWp) . 

P \ P J 

This concludes the proof. □ 


Next, we consider an adaption of Young’s inequality for convolutions. 
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Proposition 6.4. Fix (p € Suppose / € C'c(K'^), and g € for some 

finite p > 1. Then 


11 / * 5llLP(R<i,0) ^ VR-i {1 + Wp^^{\x\)) dx j ||ff||Lp(Rd_^) . 

where is defined in Lemma lKM 
Proof. First observe that 

r P 

4>(x) dx 

/R'i \ Js.'^ 


ll/*ffllL(R<i, 0 ) = / / fix-y)g{y)dy 


< 


l/(a::- 2 /)l ( 11 ^) \9{y)\4>^'^{y)d^ dx. 


By Lemma r6.3r iiii. 


i/p 


< 


1 


( ^ _ 

\(p{y)) ~ 


p^/P{x) - 4>^/'P{y) ) < (1 + Wp^^{\x - y\)). 


Set 


({x) := \f{x)\(1 + Wp.^dxD), f{x) := \g{x)\p^/P{x). 
Then, by Young’s inequality for convolutions, 

ll/*5ll LP(R'i.0) — lie */llLP(Rd) < IICIL qR"!) lien LP(R<i) • 


□ 


Lemma 6.5. Fix ^ S Tt, and let Wp^^ be defined in Lemma \6.3[ Let J be a mollifier 
as defined in Section\^ and take ps = (p* Js for > 0. Then 

(i) ps GTI with = C^. 

(ii) For any u G LP{W^,(p), 


(hi) 


ll«llp.0 - ll^llp.0, ^ . 


|A 05 (x)| < ||VJ||^i(Rd) {I + wi,4,{5)f ps{x). 


Proof. Consider (i). Young’s inequality for convolutions yields ps G L^ 
thermore. 


Fur- 


\V{P*Js)ix)\ = 
Consider (ii). By Lemma [HI 


R'i 


Js{y)^Pix - y) dy 


<C^{Pi.Js){x). 


MU-MU. 


'R<i jR'i 
< min ■ 


|M(a;)|^ {p{x — z) — p{x))Js{z) dzdx 


- {l|w||p ,0 , l|w|lp, 0 ,} wi,^{\z\)Jsiz) dz. 

This proves (ii). Consider(iii). Integration by parts yields 

\A{ps){x)\= f VJs{x-y)-yp{y)dy <C.j, ( \VJs{x - y)\p{y) dy. 
By Lemma lOl 

[ \VJs{x-y)\p{y)dy < f [ \V Jsix - y)\{1 + wi^^{\x - y\)) dy] p{x) 
Jr'‘ \Jr‘* / 


< -g II V-^llLHR-i) (1 + wi^4>id))Pix). 



















STOCHASTIC CONSERVATION LAWS AND MALLIAVIN CALCULUS 


49 


Again, by Lemma 1^31 


(f'ix) < \4>{x) - + 4>s{x) < (1 + Wi^^{6))4>s{x). 


The result follows. 


□ 


Lemma 6.6. Let (ft G Vi. Then there exists {4 ’r}r:>i C such that 

(i) (fiR —>■ (p and WcpR —> V(^ pointwise in as R ^ oo, 

(ii) 3 a constant C independent of R > 1 such that 




max 


Proof. Modulo a mollification step, we may assume p € C°°. Let C, G 
satisfy 0 < C < 1, C(0) = 1- Let 4>r{x) := (j){x)f{R~^x). Then 

V4>r{x) = '\/4>{x)f{R~^x) + R~^(j){x)'Vf{R~^x). 

Hence (i) follows. Clearly, WPrW^^^-i = sup,, = ||CIU- Further¬ 


more, 


|V(^fl(x)| < (C^CiR-^x) + R-^ |VC(ii’-^x)|) cp{x). 
Hence, ||+ R-^ ||VCIL. 


□ 


6.3. A version of Ito’s formula. Here we establish the particular anticipating 
Ito formula applied in the proof of Theorem 14.11 

Theorem 6.7. Let 



where u : [0, T] x Z x fl —> R and v : [0,T] x H —>■ R are jointly measurable and 
adapted processes, satisfying 


(6.3) 

E 

( / / u^{s^z)dii{z)ds\ 

< oo, 

E 

[ v^{s)ds 



\JoJz ) 



Jo 


Let f X [0,T] —> R be twice continuously differentiable. Suppose there exists a 
constant C > 0 such that for all {f,X,t) G x [0,T], 


|F(C,A,t)|,|a3F(C,A,t)| ^^(l + ICI + IAI), 
|aiF(C, A, f)I, \dl^FiC, A, f) I , |52 f(C, a, f) I < C. 


Let V € S. Then s diF{X{s), V, s)u(s) is Skorohod integrable, and 
FiX{t),V,t)=F{Xo,V,0) 




dP-almost surely. 
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Proof. The proof follows nzi Theorem 3.2.2 and Proposition 1.2.5]. We give an 
outline and some details where there are considerable differences. Furthermore, we 
assume that F is independent of t as this is a standard modification. 

Set t” = ^, 0 < i < 2”. By Taylor’s formula, 

2"-l 

F{X{t), V) = FiXo, V)+Y^ 5iF(X(tr), F)(X(t]Vi) - Xit^)) 

2 = 0 


2^-1 


+ - ^ d!F{X,,V){X{tl^,)-X{t^))\ 


i=0 


where Xi denotes a random intermediate point between X{t'!f) and As in 

the proof of m Proposition 1.2.5], 

rt 


T 

' n. 


1 


f f dfF{X{s),V)u'^{s,z)d^j,{z)ds, in as n —>• oo. 

Jo Jz 


Note that 

2"-l 

XI = Y, d,F{xit2),v) 


u{s, z) W{dz, ds) 


2 = 0 


Tn 


2^-1 


+ ^ d,F{X{t^),V) r^\{s)ds. 

i=0 


r„ 


Clearly, 


7^^’^ —>■ f diF{X{s),V)v{s) ds, in L^(n) as n —>■ oo. 
Jo 


Consider Xi'^- By [H] Proposition 1.3.5], s i-A diF{X{t2),V)u{s) is Skorohod 
integrable on 


2"-! rC+i 

S /. 

i=0 


diF{X{t2),V)u{s, z) W{dz, ds) 


Tr 

/-C+i 


+ V [ dl2F{Xit^),V)D,^,Vu{s,z)dn{z)ds. 

i=0 


r„ 


As before 
T-i.i.z 

• n 

lo Jz 
Consider TX^'^. Let 


[ [ 2 ^(A(s), F)T)s^^Fu(s, z) (i/i(z)ds, in as n —>■ oo. 

Jo Jz ’ 


2"-l 


C„(s,z)= Y 


2=0 


and note that (n is Skorohod integrable on [0,t]. We need to show the following: 
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(i) There exists ( € H) such that Cn —C in H). 

(ii) There exists a G S such that for each U G S 


E 


Cn{s,z)W{dz,ds)U 


E [GU]. 


Uo Jz J 

Then we may conclude by [m Proposition 1.3.6] that C is Skorohod integrable and 
/p C(s) dW{s) = G. The result then follows. Consider (i). Let 


C(s, z) = dl 2 E{X{s), V)D,^^Vu{s, z). 


Then 


E 


[ [ \Cn{s) - C{s)\'^ dfi(z)ds < E Hn [ f \Ds,zVu{s,z)\^ d^i{z)ds 
Uo Jz i I Jo Jz 


where 

Hn= sup {\dl^F{X{t^),V)-dl^F{X{s),V)\^]. 

Hence, (i) follows by the dominated convergence theorem. Consider (ii). The 
existence of a random variable G follows by the convergence of the other terms. 
This also yields the weak convergence. It remains to check that G € This 

is a consequence of assumptions (16.31) . □ 


6.4. The Lebesgue-Bochner space. Let {X, ^ /i) be a cr-finite measure space 

and E a Banach space. In the previous sections X = [0,r] x H, ^ = dt® dP, E is 
typically (j)) for some 1 < p < oo, and is the predictable cr-algebra . A 

function u : X ^ E is strongly ^-measurable if there exists a sequence of /i-simple 
functions such that Un ^ u p-almost everywhere. By a ^-simple function 

s : X ^ E we mean a function of the form 

N 

s(C) = ^1a.(CK, ce^, 

k=l 

where Xk G E and Ak G £/ satisfy p{Ak) < oo for all 1 < fc < N. The Lebesgue- 
Bochner space LP{X, sA^ p; E) is the linear space of /i-equivalence classes of strongly 
measurable functions u : X ^ E satisfying 

/ l|w(OIII dp{0 < oo. 

Jx 

A map u : X ^ E is weakly p-measurable if the map ^ i—> {u(ff),(f*) has a p- 
version which is .e/-measurable for each yf in the dual space E*. By the Pettis 
measurability theorem [321 Theorem 1.11], strong /i-measurability is equivalent to 
weak p-measurability, whenever E is separable. 

For u G E^(X,j^, p; (/>)), it is convenient to know that C i—>• u(C)(a;) has 

a /i-version which is .^/-measurable for almost all x. In fact this is crucial to the 
manipulations performed in the previous sections. The following result verihes that 
this is indeed the case. 


Lemma 6.8. Let (X,£/,p) be a a-finite measure space and (j) G Let 
T : L^{X X ® SS (K'^) , dp ® dcf) —>■ L^{X, £/, p; L^{W^, cf)) 

be defined by 'I'(u)(^) = u(^, •). Then iL is an isometric isomorphism. 

Remark 6.1. The measure space {X x ® (M^) , dp 0 d(j)) is not necessarily 

complete. Strictly speaking we should rather consider its completion. What this 
ensures is that every representative is measurable with respect to the complete a- 
algebra. A remedy is to define L^(X x s/ ® AS , dp ® dcf) by asking that 
any element u has a, dp ® d^-version u which is sA' ® AS (K‘^)-measurable. Now, 
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m(-,x) is measurable, and so for df/f-almost all x, u{-,x) has a /r-version which is 
j?/-measurable. 

Proof. Let us first check that '1 >(m) € (X; (R'^, (f)). By the Pettis measurability 
theorem [551 Theorem 1.11], strong ^-measurability follows due to the separability 
of if 'I'(u) is weakly ^-measurable. That is, for any ip € L^(R^,(f), the 

map 

^ I—>■ / (p(x)u(^, x)t/)(x) dx, 

has a /i-version which is £/ measurable. This is a consequence of Fubini’s theorem 
m Proposition 5.2.2]. The fact that is an isometry is obvious. It remains to 
prove that is surjective. Let v € {X; {R‘^, (f)). By definition there exists a 
sequence {vn}n>i of simple functions such that —>■ w /r-almost everywhere. Set 

Nn 

= 'y ^ (C)/fc,ra! Un(^,x) = Vn(^)(x), 

k=l 

where Ak,n G -s/, fj-^n S L^(R'^,^). Note that u„ is .e/ 0 (RA^ measurable, 
and = Vn- By the Lebesgue dominated convergence theorem, —>■ w in 

{X, (R‘^, (j))) |55J Proposition 1.16]. By the isometry property, {««}„>! is 

Cauchy, and so by completeness there exists u such that 

Un ^ u in L^{X X ^ ^ (R'^) , dp. 0 dcf). 

Since 

/ ||w-^'(u)||i ^ d/r= Im / \\vn - ^{u)\\^^ dp 

= lim // \un{^,x) - u{^,x)\ dp® d(j){^,x) =Q, 

J JXxR'i 

it follows that d/(u) = v. □ 

6.5. Young measures. The purpose of this subsection is to provide a reference for 
some results concerning Young measures and their application as generalized limits. 
Let {X,s!/,p) be a cr-hnite measure space, and J^(R) denote the set of probability 
measures on R. In the previous sections X is typically IfT x fl. A Young measure 
from X into R is a function v : X ^ 3^(R) such that x i—>■ i'x(B) is .E^-measurable 
for every Borel measurable set B C R. We denote by yA4 {X,j 2 /,p;R), or simply 
yXi (Y; R) if the measure space is understood, the set of all Young measures from 
X into R. The following theorem is proved in |29l Theorem 6.2] in the case that 
Y C R" and p is the Lebesgue measure: 

Theorem 6.9. Let {X,£/,p) be a a-finite measure space. Let ( : [0,oo) —>■ [0, oo] 
be a continuous, nondecreasing function satisfying lim^_).oo C(0 = oo and 
a sequence of measurable functions such that 

sup / C(|u"|)d/r(x) < oo. 

n Jx 

Then there exist a subsequence and v £ 3^Ad (Y, .e/,/i;R) such that for 

any Caratheodory function ip : RxY —^ R with ip(u^i [■),■) ip (weakly) inL^{X), 
we have 

ip{x) = [ ip{i,x)dvx{0- 
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Recall that i/>:RxX—^-Risa Caratheodory function if '(/’(•, x) : R —>■ K is 
continuous for all x G X and •) : X —>■ R is measurable for all u G R. The 
proof is based on the embedding of yXi (X;R) into A1(R)). Here A1(R) 

denotes the space of Radon measures on R and Af (R)) denotes the space 

of weak*-measurable bounded maps u : X —>■ At(R). The crucial observation is 
that {L^{X, C'o(R)))* is isometrically isomorphic to L“,(X,X1(R)) also in the case 
that (X, 32 /, fi) is an abstract cr-finite measure space. It is relatively straightforward 
to go through the proof and extend to this more general case [5S1 Theorem 2.11], 
Note however that the use of weighted spaces allows us to stick with the version 
for finite measure spaces. 

6.6. Weak compactness in L^. To apply Theorem 16.91 one must hrst be able to 
extract from ■)}n>i ^ weakly convergent subsequence in L^{X). The key 

result is the Dunford-Pettis Theorem. 

Definition 6.1. Let /C C L^(X, 32 /,/r). 

(i) fC is uniformly integrable if for any e > 0 there exists co(£) such that 

sup / I/I d/j, < £, whenever c > co(£). 

/G/C J|/|>c 

(ii) K, has uniform tail if for any £ > 0 there exists E G ^ with < 00 

such that 

sup / I/I dn < £. 

feKJx\E 

If K. satisfies both (i) and (ii) it is said to be equiintegrable. 

Remark 6.2. Note that (ii) is void when ^ is finite. As a consequence uniform 
integrability and equiintegrability are equivalent for finite measure spaces. 

Theorem 6.10 (Dunford-Pettis). Let (X, 32/,/i) be a a-finite measure space. A 
subset 1C of L^{X) is relatively weakly sequentially compact if and only if it is 
equiintegrable. 

By the Eberlain-Smulian theorem m. in the weak topology of a Banach space, 
relative weak compactness is equivalent with relative sequentially weak compact¬ 
ness. There are a couple of well known reformulations of uniform integrability. 

Lemma 6.11. Suppose K. C L^(X) is bounded. Then K. is uniformly integrable if 
and only if: 

(i) For any £ > 0 there exists i5(£) > 0 such that 

sup / I/I dp, < £, whenever p{E) < S{e). 
feK-JE 

(ii) There is an increasing function : [0, 00 ) —> [0, 00 ) such that fI'(C)/C 
os C —>■ 00 and 

sup / ^'(|/(a;)|)d^(a;) < 00 . 
f&KJx 

Remark 6.3. Suppose there exists g G L^{X) such that |/| < g for all f G 1C. Then 

sup / \f\ dp < / gdp, VE G 32 /. 
fe/cJE Je 

Since {g} C L^(X) is uniformly integrable, it follows by Lemma 16.lll il that X is 
uniformly integrable. 
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